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Approximation theory (recommended subject) 

 

 

1. Fundamental theorems of Approximation Theory:  Weierstrass' First and Second 

Approximation Theorem. The reciprocal coherence between the two Weierstrass 

Theorems. 

 

2. The basic problems of the approximation theory in normed linear spaces. 

Approximation in Banach and Hilbert spaces: existence, uniqueness and the determination 

of the best approximation.  The minimum property of the Fourier projection in Hilbert 

spaces. 

 

3. Function spaces. Function spaces of continuous functions. Function spaces of 

integrable functions. Weighted function spaces. Existence and uniqueness of the best 

approximation in these spaces. 

  

4. Chebyshev approximation: Chebyshev alternation theorems. Deriving of Chebyshev 

polynomials and their fundamental properties.  

 

5. Modulus of continuity and smoothness in he function spaces C2π  and  Lp
2π .  Direct or 

Jackson type theorems on the approximation of periodic functions. Inverse or Bernstein 

type theorems on the approximation of periodic functions.  

 

6. Approximation by algebraic polynomial.  The order of the approximation by Bernstein 

polynomials. The problem of the saturation.  The Ditzian-Totik modulus of smoothness. 

Direct and inverse theorems. 

 

7. The approximation properties of the trigonometric Fourier partial sums. Summation 

processes of the trigonometric Fourier series. The Natanson-Zuk theorem for the uniform 

convergence. Classical uniformly convergent processes.  The order of the convergence for 

the summations of trigonometric Fourier series.  

 

8. Constructions of uniformly convergent algebraic polynomial sequences. Orthogonal 

polynomilas. Classical orthogonal polynomilas. Fourier series with respect to orthogonal 

polynomials and their summations.  

 

9. Interpolation with algebraic and trigonometric polynomials. Lagrange, Hermite and 

Hermite-Fejér interpolation. The convergence of the interpolation processes. The role of 

the Lebesgue function. Weighted interpolation. Summation of discrete linear processes 

and their convergence.  
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