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Preface

This work is the first member of the author’s series of lecture schemes published in the
Digital Library of the Faculty of Informatics. These lecture schemes are addressed to
the Computer Science BSc students of Linear Algebra and of Analysis. All these works
are based on the lectures and practices of the above subjects given by the author for
decades in the English Course Education.

The recent work contains the topics of the first semester course Analysis-1 of the
subject Analysis. It starts from the axiomatic definition of real numbers, and contains
the following topics: the most important properties of real numbers, sequences, series,
power series, limits of functions. It builds intensively on the following preliminary sub-
jects:

— Mathematics in secondary school

— Discrete Mathematics

— Linear Algebra

— Precalculus Practices

This work uses the usual mathematical notations. The set of natural numbers (N)
will begin with 1. For the notation of the subset relation we will use the usual C and
C. The symbol K will denote one of the sets of real numbers (R) or of the complex
numbers (C). Most of theorems will be supported with proof, but some of them are
given without proof.

The topics are explained on a weekly basis. Every chapter contains the material of
an educational week. The homework related to the topic can be found at the end of
the chapter.

Thanks to my teachers and colleagues, from whom I learned a lot. I thank the lectors
of this textbook — assist. prof. Dr. Istvan Mezei and assoc. prof. Dr. Gabor Gercsak —
for their thorough work and valuable advice.

Budapest, February 2016

Istvan CSORGO



1. Lesson 1

1.1. Real Numbers

In our Analysis studies we will use the natural numbers and the method of proof of
mathematical induction (see: secondary school and the subject Discrete Mathematics).
We will start the natural numbers from 1, that is:

N=1{1,23,..}.

The real numbers and their basic properties were taught in secondary school and in
Discrete Mathematics. To built up a precise analysis we need to give exactly the basic
properties of real numbers in the following definition. In this connection the properties
are called axioms.

1.1. Definition Let R # (), and let
RXxR> (z,y) —x+y (addition), and

RxR>(z,y) —x-y=2zy (multiplication)

be two mappings (operations), and
<CRxR

be a relation (called: less or equal). Suppose that

. 1L.V(z,yeRxR: x4+yecR (closure under addition)
2. Vz,yeR: z+y=y+z (commutative law).
3. Vo,y,2€R: (z+y)+z=x+ (y+2) (associative law)
4. 30 eRVz eR: 2+ 0=z (existence of the zero)
It can be proved that 0 is unique. Its name is: zero.
5. Ve e R3(—z) e R: z+ (—z) = 0. (existence of the opposite number or
additive inverse)
It can be proved that (—z) is unique. Its name is: the opposite of x.
IL. V(z,y) eRxR: zyeR (closure under addition)

Ve,ye R: zy=yx (commutative law).
Vz,y,2€ R:  (zy)z =z(yz) (associative law)

d1 e R\ {0} Vz € R: =z-1=uz (existence of the unit element)
It can be proved that 0 is unique. Its name is: unit element or simply: one.

L
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5. Yz € R\ {0} 3z~ ' € R: z-2~!=1. (existence of the reciprocal number
or multiplicative inverse)

It can be proved that 2~ ! is unique. Its name is: the reciprocal of x.

II. Vz,y,z e R: xz(y+2)=xzy+zz (distributive law)

Using the commutativity of multiplication we obtain the other distributive law:
Ve,y,z€R: (r+y)z=x2z+yz

IV. 1. The relation < is a total ordering relation (reflexive, antisymmetric, transi-
tive, trichotomy)

2. Vz,y,zeR, 2 <y: z4+2<y+z
3. Vz,y,zeR, z<y, 0<2: zz<yz

V. (the axiom of Dedekind about the completeness)
Let A, B CR, A# (), B+# () and suppose that

Vae AVbe B : a<hb.
Then there exists an element s € R such that:
Vac AVbe B : a<s<b.

s is called a separator element between A and B. Thus this axiom guarantees a
separator element between any two nonempty sets one of them is left from the
other.

In this case we say that R is the structure of real numbers with the two given operations
(addition and multiplication) and relation. The elements of R are called real numbers.
The above written requirements are the axioms of real numbers.

1.2. Remarks.

1. The axioms in I., IL., III. express that (R, +, -) is a field. This is the reason that
the real number set R is often called real number field.

2. The axioms in L., II., III., IV. express that (R, 4, -, <) is an ordered field.

3. There exists a (essentially unique) model for R. This model can be constructed
starting from the set theory.

4. Applying several times the associative laws of addition and multiplication we can
define the sums or products of several numbers:

n
$1+1’2++$nzle (nGN, xieR)a
=1

Tl Lo xn:H:rz- (neN, z; e R).
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Moreover — using also the commutative laws — we can define the sums and pro-

ducts of type
E T; and H i,
i€l el

where I' is a nonempty finite index set, and z; e R (i € I').

. We can define the subtraction as

r—y:=z+ (—y) (z,y € R)
and the division as

z -1

, =y (z,y €R, y #0).

1
In this connection the reciprocal of z can be written as —.

x
. We can define the raising to natural powers as

ti=gexe. (x eR, neN),
—

n times

and the raising to negative integer powers as
x = — (x € R\ {0}, neN),

and the raising to zero power as

%=1 (x e R\ {0}).

. We will often use the well-known identity

a"—b"=(a—b)- ("t +a"2+a" 3 .., 40 =

n-l o (1.1)
=(@=b)-> a7V (a,beR; neN).

=0

. We can define the factorial and the binomial coefficients as we have learnt in
secondary school and in Discrete Mathematics:

nli=1-2-3-....n=]]i (n € N), 0:=1
i=1
n n! nn—1)...(n—k+1)
<k> K- (n—F)! Kl (neN, o1

We will use the well-known



1.1. Real Numbers 9

1.3. Theorem [Binomial Theorem]
For any a,b € R and n € N holds

(a+b)" = (g) a” + G) a4 (n " 1) ab"! + <Z> p —

_n n nfkk_n Y\ kin—k
SAEH

k= k=0

The natural numbers (see: Discrete Mathematics) can be identified with the follo-
wing elements of R:

The natural number 1 is identified with the unit element of the multiplication
guaranteed in axiom II./4.

The natural number 2 is identified with 1 + 1, the natural number 3 is identified
with 2 + 1, the natural number 4 is identified with 3 + 1, etc.

Thus the set of natural numbers is identified with the following subset of R:

{n-1:=1+1+...41 | neN}.
—_—

n times

In this sense: N C R. It can be proved that each natural number is positive.

Starting out from the natural numbers we can define the well-known special number
sets as follows:

The set of integers: Z :== {m —n € R | m,n € N} = N U (-N) U {0},

where —N denotes the set of the opposites of natural numbers: =N := {—n | n € N}.
The elements of —N are called negative integers.

The set of rational numbers: Q := {E eER | p,geZ, q+#0},
q

The set of irrational numbers: R\ Q.

1.4. Remark. The set of rational numbers (with the usual operations and ordering
relation) satisfies all the axioms of real numbers except V. Namely, it can be shown that,
for example, the following rational number sets have no rational separator element:

A={reQ|r>0, r*<2} B={reQ|r>0,r*>2}.

Starting out from the < relation we can define the <, >, > relations too. The number
x € R is called

e positive if 2 > 0. The set of positive real numbers is denoted by R™;
e negative if x < 0. The set of negative real numbers is denoted by R~;
e nonnegative if > 0 The set of nonnegative real numbers is denoted by Rg ;

e non positive if x < 0. The set of non positive real numbers is denoted by R, .
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Regarding the above operations and the relations <, <, >, >, all the properties
and identities can be proved that we have learnt in secondary school and in the subject
Discrete Mathematics.

1.5. Definition The absolute value of a real number = € R is denoted by |z| and it is
defined as follows:
T if >0,
ol = {7

if x<O0.

If you consider the real number line, then the absolute value means the distance between
the numbers x and 0. From here we obtain intuitively that the distance between the
numbers = and y is |z — y|. Really, denote by d(z,y) the distance between x and y.
Since the shifting does not affect the distance, then

dz,y) =dx—y,y—y)=dx -y, 0)=|z—y|.

Sometimes it is useful to expand the set of real numbers with the ideal elements
—o0 and +oo:

1.6. Definition The set R := RU{—o0, +oc} is called the extended real number field.
We require from the ideal elements —oco and +oo the following axiom:

VzeR: —0 << +00.

Thus the ordering relation is extended from R into R. Later, at the limit of sequences
we will extend the algebraic operations too.

At the end of this section we define the intervals of different types:
1.7. Definition Let a, b€ R, a < b.
e Suppose that a,b € R. Then [a,b] := {z € R | a <z < b}: closed interval;

e Suppose that a € R. Then [a,b) := [a,b[:= {x € R | a < z < b}: interval closed
from the left, open from the right;

e Suppose that b € R. Then (a,b] :=]a,b] := {z € R | a < z < b}: interval open
from the left, closed from the right;

e (a,b) :=|a,b[:={zr € R| a <z < b}: open interval.

a is called the beginning point (or: left endpoint), b is called the terminal point (or:
right endpoint) of the interval.

1.8. Remark. Obviously:

[a,+o0) ={x € R |a <z}, (a,+00) ={z € R|a <z}, (—o0, +00) =R, etc.
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1.2. Boundedness

1.9. Definition Let ) # H C R and K, L € R. We say that
a) K is an upper bound of H if Vx € H: z <K,

b) L is a lower bound of H if Vx €e H: x> L.

1.10. Definition Let () # H C R. We say that
a) H is bounded above if it has an upper bound, thatis 3K e RVz e H: z <K,
b) H is bounded below if it has a lower bound, that is 3L e RVz e H: x> L,

c¢) H is bounded if it is bounded above and it is bounded below.

1.11. Remark. It can be proved easily that H is bounded if and only if

dM>0Vxe H: |z|<M.

1.12. Definition Let () # H C R and a € R. We say that

e a is the minimal element (or: least element) of H if a € H andVz € H: z > a.
Notation: @ = min H .

e a is the maximal element (or: greatest element) of H if a € H and Vo € H :
z < a. Notation: ¢ = max H .

It can be proved that the minimal element (if it exists) is unique and that the
maximal element (if it exists) is unique.

It follows from the definition that min H is the lower bound of H contained in H.
Similarly, max H is the upper bound of H contained in H.

1.13. Theorem [the Ezistence of the Least Upper Bound]
Let 0 # H C R and suppose that H is bounded above. Then the set of its upper
bounds

B :={K € R | K is upper bound of H}

has minimal element. This minimal element is called the least upper bound of H and
is denoted by sup H or lub H. So

supH =1lubH :=min B.

The term sup is from Latin supremum.
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Proof. Let A := H and B as defined in the theorem. Then A and B satisfy the
assumptions of the Dedekind axiom. Thus there exists a separator element between A
and B:

dseRVYacAVbe B : a<s<b.

We will show that s = min B. Using the definitions of A and B we have for this s that
Vee HVKeB: zz<s<K.

The inequality z < s (x € H) shows us that s is an upper bound of H, thus s € B.
This shows together with the other inequality s < K (K € B) that s = min B. O

1.14. Remarks.

1. If @ € R and we want to prove that sup H = «, then we make the following steps:

Step 1: Show that « is an upper bound of H, that is: Ve € H: x < q;
Step 2: Show that for any € > 0 the number o — € is not upper bound of H, that is:

Ve>03dxzeH: z>a—c¢.
2. dmaxH < sup H € H. In this case sup H = max H.
A similar theorem can be proved about the greatest lower bound.

1.15. Theorem [the Ezistence of the Greatest Lower Bound]
Let ) # H C R and suppose that H is bounded below. Then the set of its lower

bounds
A:={K e R| K is lower bound of H}

has mazimal element. This mazximal element is called the greatest lower bound of H
and is denoted by inf H or glb H. So

inf H =glbH :=maxA.
The term inf is from Latin infimum.
1.16. Remarks.
1. If @ € R and we want to prove that inf H = «, then we make the following steps:

Step 1: Show that « is a lower bound of H, that is: Ve € H: = > a;
Step 2: Show that for any € > 0 the number « + ¢ is not lower bound of H, that is:

Ve>0de e H: rz<a+te.
2. 3min H < inf H € H. In this case inf H = min H.

The concepts of the least upper bound and the greatest lower bound can be extended
for unbounded sets as follows:
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1.17. Definition Let () # H C R and suppose that H is unbounded above. Then
sup H := +4o0.
Let ) # H C R and suppose that H is unbounded below. Then inf H := —oc.

Using the concepts of the least upper bound and the greatest lower bound we can
give the following characterization for intervals:

1.18. Theorem Let ) # H C R. Then the following three statements are equivalent:
1. H 1is an interval
2.VYa,be H, a<b: [a,b]CH
3. (inf H,supH) C H

1.3. Other Operations in R

In secondary school we have learnt about the powers, roots and logarithms. In this
section we will give the precise definitions of these operations. We will tell the theorems
on which these definitions are based, without proof.

The definition of the powers with integer exponents was given sooner. Now let us
define the roots.

1.19. Theorem Let a € R, a > 0, n € N. Then there exists uniquely the number
x € R, x >0 for which " = a holds. The number x can be given as:

x=sup{teR|t>0, t" <a}.

1.20. Definition The number z in the above theorem is called the n-th root of the
number a and it is denoted by {/a. In the case n = 2 it is called square root and it is
denoted by +/a. Furthermore we define the odd roots of negative numbers as

i/ a = — Y (a>0, neNU{0}).

The usual identities of roots were proved in secondary school.
Using roots we can define the powers of a positive number into rational exponent,
and we can prove the usual identities in connection with them.

1.21. Definition Let a € R,a > 0 and r = Pe Q with p,q € Z, ¢ > 1. Then
q

Now we can define the powers of a positive number into real exponent.
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1.22. Definition Let a € R, ¢ > 0 and z € R.

e If a > 1, then let
a® :=sup{a |r€Q, r <z},

e If 0 <a <1, then let
a” :=inf{a" |r € Q, r <z},

e If a =1, then let a® := 1.

It can be proved that in the case x € Q we obtain back the powers into rational
exponent. Furthermore, the usual identities are valid for the powers with real exponent.

The definition of the logarithm is based on the concept of the least upper bound
too.

1.23. Theorem Let a,b € R, a # 1, b > 0. Then there exists uniquely the number
x € R such that a® = b. A possible formula for x can be given as follows: If a > 1, then

z:=sup{t € R |a' <b}.

If0<a<1, then
z:=sup{t € R |a' > b}.

1.24. Definition The number z in the above theorem is called the logarithm of b with
base a, and it is denoted by log, b.

The usual identities of the logarithm were proved in secondary school.

1.25. Remark. Later, in Analysis-2 we will give other equivalent definitions for a”
and for log, b.

Finally, we speak some words about the number 7 and about the trigonometric
functions. They were defined in secondary school in geometric way, and we will use
them temporarily in this level. Their precise definition will be given later.

1.4. Archimedean Ordering

A well-known intuitive property of the real numbers is that you can count with them
as far as you like. For example, if you count one by one:

0,1, 1+1, 1+1+4+1, ..., thatis 0-1, 1-1, 2-1, 3-1, ...,
then you will get over any number. In other words the set
{n-1|neN}

is not bounded above. This property is called the Archimedean property of the ordering
of real numbers. Since this property is not in the list of axioms, we have to prove it.
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1.26. Theorem The set N={n-1|n € N} C R is not bounded above.

Proof. Suppose indirectly that N is bounded above. Then 3« := sup N.
Since @ — 1 < «, then o — 1 is not an upper bound of N. Therefore

dnpeN: ng>a-—1.

However, this implies ng + 1 > « and since ng + 1 € N, we have a contradiction with
the fact « is an upper bound of N. O

1.27. Corollary. 1. Instead of counting one by one we can count by any fixed unit.
More precisely: let x, y € R be two positive numbers. Then ¥ is not upper bound
x

of N, thus

dneN: n>g.

x

From here follows that nx > y. This means that the set {n-z | n € N} C R is
also not bounded above. This fact is ,,sharp” when z is near to 0 and y is great.

2. If e e R, € >0, then

1
dn e N: —<e.
n

1
Really, since — is not upper bound of N thus
€

1
dn e N: n>—.
€

1
After rearrangement follows that — < ¢.
n

3. The set of rational numbers is everywhere dense in R. This fact is expressed in
the following theorem:

1.28. Theorem Ifa, b € R, a < b, then (a,b) N Q # 0. In other words: every
open interval contains rational number.

Proof.

We will prove only the case when 0 < a < b. The other cases can be reduced to
this case. So let us suppose that 0 < a < b.

Using the previous corollary
1
dqg e N: - <b—a.
q
Then using the first corollary:

1
dn e N: n-—>a.
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P,
q

Let us denote by p the least of these numbers n. We will show that a <

Obviously b > a. On the other hand:
q

p_ p—1+1 p-—

1 1 1
+-<a+-<a+(b—a)=0.
q q q q q

1.5. Homework

1. Using the axioms of real numbers prove the followings:

a) zy=0 < x=0o0ry=0
b) Ve eR, 2#0: 22>0
c) 1>0

2. Prove the statement in Remark 1.11.

3. Determine (without using the concept of the limit) sup H, inf H, max H, min H

if
Tn — 2 272 49
H= H=J2_"°
a) {Qn 5\n€N} b) {3'271 2|n€N}

4. The diameter of a nonempty subset H C R is defined as the distance of its

,farthest” points:
diam H :=sup{|z —y| | z,y € H}.

Prove that if H is bounded, then
diam H =sup H — inf H .

How can this formula be generalized for unbounded sets?

5. Define the homogeneous relation ~ on R as follows:
Ve,yeR: z~y & z—y€Q.

a) Prove that ~ is an equivalence relation.
b) Denote by [z] the equivalence class of x € R, and by R/~ the set of the
equivalence classes:
[#]={yeR|z~y} and R/~={[z]|zecR}.
Prove that for any open interval I has at least one common element with

any equivalence class, that is:

V1 open interval and Vo € R:  INz] #0.
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2.1. Some Important Inequalities

2.1. Theorem [Triangle Inequalities/
For any real numbers x, y € R hold

a) |z+y| < |z|+ |y| (first triangle inequality)
b) |z —y| > ‘ |z — |y| ‘ (second triangle inequality)
Proof. From the definition of the absolute value follows that
—lel <z <lfx| and |yl <y <lyl.
Adding these inequalities we obtain that
—(lz| +ly)) <z +y <|z|+ |yl

From here follows |z + y| < |z| + |y|.
To prove part b) apply part a) with x — y and y:

[ = [(z —y) +y[ < e —y[+]yl. From here follows: [z —[y| < |z —yl.
Similarly (change z with y) we can deduce that:
yl =l < |y — = =z —y].
The last two inequalities imply that
[zl =yl | < lo =y

O

Remark that — applying the first triangle inequality several times — we obtain that

lz1 + @2+ . x| < o]+ 22|+ F 2| (21, T2, ... 2n €R).

2.2. Theorem [Bernoulli’s Inequality/
Letn eN, h e R, h> —1. Then

(I+h)">1+nh.
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Proof. We prove with mathematical induction. If n = 1, then the statement is (1 +
h)' > 1 + 1h, which is obviously true. Let n € N be a natural number for which
(14 h)"™ > 1+ nh holds. Then

(14+h)" = (1 + h)-(14h)" > (1+h)-(14nh) = 14nh+h+nh? > 14+nh+h = 14+(n+1)h.
>0 >0

O

2.3. Remark. In the case h > 0, n > 2 the Bernoulli inequality is a simple corollary
of the Binomial Theorem, namely:

n n n n
1 n _ 1n 0 1n—1 1 1n—2 2 o 10 n
(1+h) <0> h+<1> h+<2> h*+... .+ " h" >

~
>0, we leave them

> <g> + <T>h:1+nh (n>2).

Using this idea we can construct ,, Bernoulli inequalities of higher degree”. Let k € N
be fixed and write the Binomial Theorem for n > k + 1:

(1+h)" =

_ (™Y 1n;0 n n—k+1y k—1 N\ n—kik
B T N O ) L

>0, we leave them

T B By T s S A FTU SR
k+1 n

>0, we leave them

where
Pn)=nn—-1)...(n—k+1)

is a k-th degree polynomial of the variable n. For k = 1 we obtain that (1 4+ k)™ > nh,
that is almost the ,,classical” Bernoulli-inequality.

In the following part we will state and prove the inequality between the arithmetic
and geometric means.

2.4. Definition Let n € N and x4, ..., z, € R. Then the number

T+ ...+,
n

A, =

is called the arithmetic mean of the numbers zq, ..., z,.
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2.5. Remark. It can be easily proved that min{z1, ..., z,} < A, < max{zy, ..., z,}.
Moreover, if the numbers 1, ..., x, are not all the same (in this case necessarily n > 2),
then min{zy, ..., z,} < 4, < max{z1, ..., Tp}.

2.6. Definition Let n € N and z1, ..., z, € Rar. Then the number

Gp:i= VYr1-... Ty

is called the geometric mean of the nonnegative numbers z1, ..., .

2.7. Remark. It can be easily proved that min{z1, ..., z,} < G, < max{xi, ..., x,}.
Moreover, if the numbers 1, ..., z, are positive and are not all the same (in this case
necessarily n > 2), then min{zy, ..., z,} < G, < max{zy, ..., z,}.

2.8. Theorem [Inequality between the Arithmetic and Geometric Means/
LetneN, n>2and z1, ..., v, € RT. Then G, < A, that is

1+ ...+x
”wl-...-xn<—n,

or equivalently G} < A, that is:

n
o < <1++n) '
n
The equality holds if and only if x1 = ... = x,.
Proof. It is obvious that the equality holds if 1 = ... = z,. We have to prove that
if the numbers x4, ..., z, are not all the same, then the strict inequality holds. This

will be proved by mathematical induction. If n = 2, then the equality to be proved

T+ X2

VI1Tre < 5

is equivalent to (z; — 3:2)2 > 0. However, this is true, because of z1 # xs.

To deduce the statement from n to n + 1 let us take the non-all-equal positive
numbers x1, ..., Ty, Tpt1- We can assume — by the symmetry of the statement — that
we have denoted them in nondecreasing order

1< .0 Sy < Ty,

and at least in one position stands the strict inequality < instead of <. Denote by A;,+1

and Gp41 the arithmetic and the geometric mean of the above numbers respectively.

Furthermore denote by A, and G, the arithmetic and the geometric mean of the

numbers z1, ..., T, respectively. We will prove that G,, < A, implies Gp11 < Apt1.
Using Remark 2.5 we obtain

e in the case z, < xp41:

Ay, <z <xpy1, thatis xpe— A, >0,
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e in the case z, = xp41:

Ap < Ty = Ty, thatis zp4 — A, >0.

Thus x,+1 — A, > 0. Using this fact we can continue as follows:

G:lli%:l'l'...'xn_;'_l:
:(xl-...-xn)-mn+1SAZ-Q:TLH:AZH—i—AZ-J;nH—AZH:
- A n+1 n—+1 Tpt1 — A
:AnJrl 1 'An‘SUnJrl no_ An+1 AP n+ n <
noH ) Ay = A A T Ay
+1 k
— k " n+1
—(a +-Tn+1_An n+1: nAp +Ap +2np1 — Ap n+1_
" n+1 n+1
- nAn + Tnq1 n+1: 1+ ..+ Tn + Tnt n+1:An+1
n+1 n+1 ntle

Taking n + 1-th root from this inequality we have Gp4+1 < Ap41.
Remark that the first < in this chain is the consequence of the inductional assump-
tion. More precisely:

o Ifx1=... =z, thenaxy-... 2, =G} = A}, thusz1- ... - zp-Tpt1 = A - Tpy1,
e If 1, ..., x,, are not all the same, then by the inductional assumption
Ty ooy =Gn <Ay, thus x1- ... -2y Tpp1 < A T
O

2.2. Complex Numbers

A quick discussion of complex numbers was given in Linear Algebra. The precise defini-
tion of the complex numbers and their operations was made in Discrete Mathematics.
The set of complex numbers will be denoted by C. The symbol K will denote one of
the number sets R or C. This notation makes the discussion possible parallel with R
and C.

Because of its importance we will prove the triangle inequalities in C.

2.9. Theorem [Triangle Inequalities in C]
For any complex numbers z, w € C hold

twl e+ ol and |z —wl 2] f2] - ).
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Proof. It is enough to prove the first inequality, because the second one can be deduced
from the first like in the real case.

To prove the first triangle inequality, let z = a + bi, w = ¢ + di be the algebraic
forms of z and w respectively. Then we have to prove

la + bi+ c+ di] < |a+bi| + |c+ di] .

After squaring both sides we obtain the equivalent inequality

(a+c)P+b+d? <+ +2Va2+02VR + 2+ P+ d>.

After ordering we have the equivalent

ac+bd < Va2 + b2+ d2. (2.1)

If ac + bd < 0, then the above inequality is trivially true. If ac + bd > 0, then the
squaring is an equivalent step:

a’c® + 2abed + b*d? < a®? + b2 + a’d? + v2d? .
Ordering this inequality we obtain the equivalent
0 < (be — ad)?,

which is obviously true. (I

2.10. Remarks.

1. The inequality (2.1) follows immediately if we apply the Cauchy inequality (see:
Linear Algebra) for the vectors (a,b) and (c,d) in the Euclidean space R2.

2. Applying the first triangle inequality several times, we obtain that

|21+ 20+ ... 4 2] < |z1|+ 22| + .-+ 20| (21, 22, ... 2, € C).

The following theorem is a simple consequence of the first triangle inequality. It will
be important at the proofs of Theorem 7.8 and of Theorem 7.18.

2.11. Theorem Let I and A be finite nonempty index sets, and suppose that I' C A.
Let
z; € K (teA).

Then

O P

[ISTAN el

<D lwil =l

1€EA el
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Proof. The left-hand side of the above inequality is equal to
> @il
iEA\D

furthermore the right-hand side of it is equal to

> il

iEA\T

It follows immediately from here — by the first triangle inequality —, that the left-hand
side is less or equal than the right-hand side. (I

2.3. Functions

The concept of the function (which is a special relation) was defined in Discrete Mathe-
matics. In this subject the students learned about some concepts and theorems about
functions. In this section we review shortly this topic.

Let A and B be nonempty sets. The set of functions ordering elements from B to
elements of A is denoted by A — B. The domain of a function f € A — B is denoted
by Dy, the range of f is denoted by R;. Obviously

DfCA and RfCB.

For an x € Dy f(x) denotes the element of B that is ordered to x. f(x) is called the
function value at .
Thus

Ry={f(x)eB|xeDs}={ye B |3JxecDs: f(x)=y}.
The notation f: A — B means that f € A — B and Dy = A.
2.12. Definition Let f € A — B. The set
{(z,f(x)) e AxB|xzeDs} CAxB
is called the graph of the function f.

2.13. Remark. If f € R — R, then its graph is a subset of R?, that is a set of points
in the plane (often a plane curve). If we put this point set into the Cartesian coordinate
system, then the equation of the graph of f will be y = f(z).

If we want to give a function, then we have to give:

e the type of the function, that is the sets A and B,

e the domain of the function,
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e the law of correspondence associating f(z) to .

We agree that if the domain is not given, then the domain will be the maximal
subset of A for which f(z) is defined if x is in this subset. For example, if we give a
function in this way:

fER-R, f(a)=1,
then — by the above agreement — Dy =R\ {0}.
2.14. Definition Let f € A — B and H C Dy. The function
g:H— B, g(x):=f(zx) (x€H)
is called the restriction of f onto H, and it is denoted by fg.
2.15. Definition Let f € A — B. We say that f is one-to-one (injective) if

Vu,ve Dy, uv: f(u)# f(v).

2.16. Definition Let f € A — B be a one-to-one function. Then its inverse is the
following function, denoted by f~1:

fleB— A, D1 =Ry,
f~(y) := the unique x € Dy for which f(z) = y holds.
2.17. Definition Let g € A — B and f € C — D. Suppose that the set
Dyog:={x € Dy | g(x) € Dt} C D,
is nonempty. Then the function
fog:Dgog — D, (fog)(x):=flg(x))
is called the composition of the functions f and g. The function g is called inner function,
f is called outer function.
2.4. Polynomials

2.18. Definition A function P : K — K is called polynomial over K (or simply:
polynomial) if either P = 0 or

dn e NU{0} and 3Fag,...,an €K, a, #0:

n
P(x):ao+a1$+02$2+...+anx”:Zajxj (r € K).
7=0
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It can be proved that for each f # 0 the numbers
n, ap,...,0an

are unique. The number n is called the degree of the polynomial P, and is denoted by
deg P. The numbers ag, ..., a, are the coefficients of P, a,, is the main coefficient. The
degree of the 0 polynomial is undefined. The set of polynomials is denoted by K|z| or
by P.

In the following part we give an algorithm — the Horner scheme — for the division
of a polynomial by a linear polynomial.
Let

n
P(z) = apa" + ap_12" '+ + a1z 4+ ap = Z a;z’ (2.2)
=0

with coefficients a; € K and let o € K. Divide P by x — a:
P(x) = (x—a) (bpa" "+ by13™ % + - + by + b1) + bo (2.3)

We want to determine the coefficients b; € K. The numbers b, ... by will be the
coefficients of the quotient polynomial, and by will be the remainder.

Substituting = = «, it is obvious that by = P(«), which means that by is the value
of the polynomial at place a.

2.19. Theorem [Horner’s Scheme]
The coefficients b; (j = n,n—1,...,1,0) can be computed with the following
TeCUTSION:

by, = ap; bj=a-bjr1+a; (j=n—-1,n-2,...1,0).

Proof.
By the equations (2.2) and (2.3) we have:

n

Z a;jz! = (z —a)- z": bzt 4+ by (2.4)

j=0 j=1

Let us transform the right-hand side:

(x—a)- ijzz:j_l +bo = ijzz:j - Za bl by =
j=1 j=1

j=1
n n—1 n—1 n—1
= Z bjmj — Z - bj+1£L’j + by = bpax™ + Z bjl‘j — Z Oébj+1:Ej —aby + by =
Jj=1 Jj=0 J=1 Jj=1
n—1
=byx" + Z(b] — Oéijrl)l‘] + by — aby =
j=1
n—1

= bz + Z(bj — abji1)r .
=0
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Then we make equal the coefficients of the same degree terms on the sides of (2.4):
ap=b, and aj=bj—a-bjy1 (j=n-1,...,1,0).
Hence we obtain by rearrangement the recursion formulas of the theorem:
by=a, and bj=a-bjy1+a; (j=n-1,...,1,0).

O

2.20. Remark. The above recursion can be made in the practice with the help of the
following table (Horner’s table):

| an | ant | ana | oo | 6o | a1 | a

o | bo | box | buz | . | B2 | b | b

We write into the upper row the coefficients of P, then we copy the first entry of the
first row into the cell under it in the second row (b, = a).
Then we compute the entries of the second row as follows:

bp-1=a-by+an—1, bpo2=a-by_1+an—2, ..., bi=a-byta, by=a-bi+ag

2.21. Example
Let P € K]z] be the following polynomial

P(z) = 2° — 8z* +162% + 1822 — 81z + 54, a =2,
that is divide P by (z — 2). Then Horner’s scheme is as follows:

| 1| -8 | 16 | 18 | —81 | 54
a=2 | 1 | =6 [ 4 [ 26 | -29 | —4

We can read out the result of the polynomial long division from the second row of the
scheme:

2° — 8zt + 1623 + 1822 — 81z + 54 = (v — 2) - (2 — 627 + 4% + 262 — 29) — 4.

On the other hand we can establish that the value of the polynomial at 2 is equal to
—4, that is P(2) = —4.

2.22. Definition Let P € K[z] be a polynomial and o € K. The number « is called
the root (place of zero) of P if P(a) = 0.

2.23. Remark. The determination of the roots of a polynomial is generally not an
easy problem. We have learned in secondary school to determine the roots of the first
degree and of the second degree polynomials. These methods can be used for real and
complex polynomials too.

Using Horner’s Scheme we give a necessary and sufficient condition for an « to be
the root of the polynomial P.
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2.24. Theorem Let P € R[z]\ {0} and oo € R. Then « is the root of P if and only if
there exists a polynomial S € R[z| such that

P(z)=(z—a)-S(z) (x €R). (2.5)
In words: P(z) can be divided by x — c.

Proof. Suppose that « is the root of P, that is P(«) = 0. Using Horner’s scheme we
can determine the polynomial S € R[z| and the number r € R such that

Pz)=(x—a)-S(x)+r (x € R).

Substituting x = «, we obtain

Thus r = 0, whence
Plz)=(z—a)-S(x)+0=(z—a) - S(z) (x € R).
Conversely, suppose (2.5), and substitute x = . Thus we have
Pla)=(a—a)-S(z)=0.

O

2.25. Corollary. Suppose that « is the root of P. Then it can be determined (e.g.
with the help of Horner’s scheme) a polynomial S such that

P(z)=(z —a)-S(z) (x €R).
If « is the root of S, then it can be determined a polynomial 1" such that
S(x) = (r —a) - T(x),
therefore
P(z) = (z—a)-(z—a) T(z) = (& — ) - T(a) (z€R).

This process can be continued. Suppose that we can factor out the polynomial x — «
m times. Then in the last step we have a polynomial P; such that

P(z)=(z—a)™- Pi(x) (x€R) and Pi(a)#0.

The number m is called the multiplicity of the root c.
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2.5.

1.

Homework

Prove the statement in Remark 2.5
Determine whether the following functions are invertible or not. If a function is
invertible, determine its inverse (domain and formula).

) 3 ) 3
@) f@=a b f@)=5 Dy=(2, )

c) f(x)=2?—6x d) f(z)=x*—6z Dj=[4, 4o

Determine the compositions f o g and g o f if it exists (domain and formula).

fz) =v3—u, g(z) =22 - 16.

Using Horner’s scheme factor out = + 1 from the following polynomials:
a) 2z — 23 —b5x>+ 243

b) 5+ 62* + 223 — 422 + 52 + 6
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3.1. Sequences

3.1. Definition Let H be a nonempty set.

The functions
a: N—H

are called sequences in H. For an n € N the element a(n) € H is called the n-th term
of the sequence. Its usual notation is a,.
Some notations for the sequence a:

a; (an); (an, n € N); an € H (n € N)

3.2. Remarks.

1. Sometimes the terms are indexed starting from a fixed p € Z. In this case the
sequence is a function defined on the set {n € Z | n > p}.

2. A sequence can be given by a formula, e.g. a,, := — (n € N) or by a recursion,
n

e.g.
ap:=1, ax:=1, apy1:=an+apn_1 (HGN,TLZ2)-

3.3. Definition The sequence ny € N (k € N) is called index sequence if it is strictly
monotone increasing, that is

VneN: ngp<ngyp.

3.4. Definition Let a : N — H be a sequence and let (ny) be an index sequence.

Then the sequence
an, € H (ke€N)

is called the subsequence of (a,) (composed with the index sequence (ng)).

3.5. Example
1
Ifa,=— (neN)andn,=2" (kcN), then
n

The type of a sequence is depending on H. Some types of sequences:
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e Real number sequence if H = R (more generally: H C R)

Complex number sequence if H = C (more generally: H C C)

Vector sequence if H is a vector space (more generally: H is a subset of a vector
space), for example H = R".

Function sequence if H is a set consisting of functions.
e Set sequence if H is a system of sets.

The real or complex sequences are called number sequences. We will use the common
notation a : N — K for them.

3.6. Remark. The set of number sequences (sequences of type N — K) is an infinite
dimensional vector space over K with respect to the usual pointwise addition and scalar
multiplication.

3.2. Convergent Number Sequences

1
Let us discuss the real number sequence a, = — (n € N). We feel intuitively that
the terms of this sequence are arbitrarily near to the number 0 if the index n is great
1
enough. We say that the numbers — approach 0 or converge to 0. This impression is

n
the base of the concept of the convergency and of the limit.

To define exactly what , near to a number” means, we need the concept of neigh-
bourhood (or ball or environment).

3.7. Definition Let a € K and r > 0. The neighbourhood (or ball or environment) of
a with radius r is the set

B(a,r):={z€K| |z —a| <r}cK.
3.8. Remarks.

1. If K = R, then the neighbourhood B(a,r) = {x € R | |z —a| < r} is equal to
the open interval (a —r, a 4 7).

2. If K = C, then the neighbourhood B(a,r) = {z € C| |z—a| < r} is equal to the
open circular disk with centre a and with radius r on the complex number plane.
Really, let

a=u+vi and z=x+yi.

Then

|z —al = [(z —u) + (y — v)il = V(& —uw)? + (y —v)2,

thus the inequality |z — a| < r is equivalent to
(z —u)?+ (y—v)* <r?,

which describes the above mentioned circular disk.
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3. Sometimes we use the closed neighbourhoods (closed balls) defined as

B(a,r) :={zeK| |[x—a| <r} CcK.
Similarly, we can consider that

o If K = R, then the closed neighbourhood B(a,r) is equal to the closed
interval [a — 7, a + 7).

e If K = C, then the closed neighbourhood B(a,r) is equal to the closed
circular disk with centre ¢ and with radius 7.

4. Sometimes we use the neighbourhood of a € K with radius +oc as

B(a,+0) :=K.

An important topological property of K (what is called Th-property) is that any two
points can be separated by disjoint neighbourhoods. This is expressed in the following
theorem.

3.9. Theorem Leta, be K, a#b. Then

dry, 7o >0: B(a,r1) N B(b,re) = 0.

—-b
Proof. Let r; := o 5 | > 0. Then for every x € B(a,r1) holds (using the second
triangle inequality):
—-b —-b
2—b] = [r—a-+a—b| = |(a—b)—(a—z)| > |a—b|—|a—a] > [a—b|—r1 = |a—b]— 1 . | _ e . J
. |a — b]
thus if rg := ——— > 0, then |z — b| > rq, therefore x ¢ B(b,r2). O

After these preliminaries we can formulate the definition of the convergency and of
the limit.

3.10. Definition The number sequence a, € K (n € N) is named convergent if
JA€eKVYe>03INeNVn>N: a,€B(4,c¢).

The definition can be written using inequalities as follows:
JAeKVYe>03IaNeNVn>N: |a,— Al <e.

A number sequence is named divergent if it is not convergent.

3.11. Theorem The number A in the above definition is unique.
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Proof. Suppose that A;, A2 € K match the above definition in the role of A, and that
Ay # As. Then using the Tr-property of K (see Theorem 3.9):

Jde1, 69 >0 : B(A1,e1) N B(Ag,e2) =10.
By the definition to &1:
AN eNVn> Ny @ a, € B(Aj,e1).
Similarly, to the number &5
ANy e NVn > Ny :  a, € B(Az,e2).
Let us take e.g. the index N := max{Nj; Na}. Then we obtain
any € B(A1,e1) N B(Ag,¢e3),

which is a contradiction. Thus A; = As. O

3.12. Definition Let a, € K (n € N) be a convergent number sequence. The unique
number A in the definition 3.10 is called the limit of the sequence (a,), and is denoted
in one of the following ways:

lima=A4, lima,=A4, lima,=A4, a,—A (n— o),
n—oo

lim(a,) =A, (an) — A (n— 00).
We often say that a, tends to A, or a, tends to A if n tends to infinity.
3.13. Remarks.

1. If a : N — K is a number sequence and A € K, then lim a, = A is equivalent to
n—oo

Ve>03INeNVn>N: a,€B(A,c¢),
or — using inequalities — to
Ve>0dINeNVR>N: |a,— Al <e.

The number N is called a threshold index to .

2. It can be easily proved that a number sequence is convergent if and only if its
every subsequence is convergent. In this case the limit of the sequence is equal to
the limit of its any subsequence. This fact is useful at proving the divergency of a
sequence: if you find two convergent subsequences with different limits, then the
sequence is divergent.
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3.14. Examples
1. Let (ay) be the constant sequence, that is
an:=c (neN), where ceKis fixed.

Then (ay,) is convergent and lima,, = c. Really, let € > 0. Then any N € N is a
good threshold index, because if n > N, then

lan —¢c| =lc—¢c/=0<e.

1
2. Let a,, := — (n € N) be the harmonic sequence.
n

Then (ay) is convergent and lima, = 0. Really, let € > 0. Then — by the Archi-

1
medean property of real numbers — there exists an N € N such that N > —. This
€
N will be a good threshold index, because for all n > N:

3. Let a,, ;== (—1)" (n€N).

Then (a,) is divergent, because the subsequences (agy) and (agy+1) have different

limits:
lim ag, = (—1)%* = lim 1 =1
k—oo k—oo
lim agpyr = (=) = lim —1=—1
k—oo k—o0

3.3. Convergency and Ordering

We can prove — using a similar idea as at the proof of the uniqueness of the limit — the
following theorem for real number sequences:

3.15. Theorem Let ay,, b, € R (n € N) be convergent sequences and suppose that

lim a, < lim b, .
n—oo n—oo

Then
AN eNVn>N: a,<b,.

Proof. Let A := lim a, and B := lim b,. It is assumed that A < B. Let ¢ :=

n—o0o n—oo
B-A

> (. Then — by the definition of the limits — we have

B-A
92 )

AN eNVn >Ny @ a, — Al <
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and

B-A

dN, e NVn > N : |bn—B|< .

Using the definition of the absolute value we obtain for any n > N := max{N;; Ny}
that

B-A B-A B-A B—-A

A— <ap <A+ and B — <b, < B+ 5

B-A_, B-A_A+B
2 2

A+B
2

Since A +

, then we deduce from here that

an < < by, (neN, n>N).

A simple corollary of the previous theorem is the following theorem.

3.16. Theorem Let a,, b, € R (n € N) be convergent sequences and suppose that
INgeNVn>Ny: a,<b,. (3.1)

Then

lim a, < lim b, .
n—oo n—oo

Proof. Suppose indirectly that lim a, > lim by, that is lim b, < lim a,. Then by
n—oo n—oo

n—oo n—oo
the previous theorem

AN eNVn>N: b,<ay,.

Let n € N be a number greater than max{Ny, N}. For this n holds a, > b,, in
contradiction with (3.1). O

3.17. Remarks.

1. If we assume a stronger condition instead of (3.1), namely
AN e NVn>Ny: a,<b,,

then we cannot state the strong inequality between the limits, as the following
counterexample shows:

=:b, (n €N)

1
a, =0< —
n

but lim a, = lim b, = 0.
n—oo n—oo
2. Applying the theorem in the case when one of the sequences is the constant 0
sequence we obtain that
o If (a,) is convergent and a, > 0 (n > Np), then lim a, >0,
n—oo

e If (a,) is convergent and a,, <0 (n > Np), then lim a, <0.

n—oo
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3.4. Convergency and Boundedness

The boundedness of a sequence is defined as the boundedness of its range.
3.18. Definition The sequence a,, € K (n € N) is called bounded if
AM >0VneN: |a,| <M.

The number M is called a bound of the sequence.
A number sequence is called unbounded if it is not bounded.

3.19. Remark. The set of bounded sequences is an infinite dimensional vector space
over K, which is a subspace in the vector space of all N — K type sequences.

3.20. Definition The sequence a, € R (n € N) is called

e bounded above if dM € RVn € N : a, < M. The name of M is: upper
bound

e bounded below if dM e RVneN : a, > M. The name of M is: lower bound

It can be easily proved that a real number sequence is bounded if and only if it is
bounded above and it is bounded below.

3.21. Theorem Fuvery convergent number sequence is bounded.

Proof. Let a, € K (n € N) be a convergent sequence and A = lim a, € K. Apply

n—oo
the definition of convergency with € = 1:

dNeNVn>N: Ja,— Al <1.
Use the second triangle inequality:
|an| — A < [lan | = |A] < fan — A] <1,
from where we have after rearranging
lan| < 1+ |A] (n>N).
Thus obviously
lan] <M (n€N) where M :=max{|ai]|, |az|, ..., lan-1], 1 +|A|}.
O

We remark that the reverse statement is not true. The sequence ((—1)") is bounded
but divergent (see example 3.14). Later we will prove that any bounded sequence has
a convergent subsequence (Bolzano-Weierstrass theorem).

3.22. Example
It follows immediately from the previous theorem that an unbounded sequence is
divergent. By this reason e.g. the sequences

an:=n> (neN) and b,:=(-1)"-n?> (neN)

are divergent.
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3.5. Zero Sequences

3.23. Definition The number sequence a,, € K (n € N) is called zero sequence if it is
convergent and lim a, = 0.
n—oo

We will prove five short theorems about the zero sequences. They will be useful at
the discussion of operations with convergent sequences.

3.24. Theorem [T1] Let a, € K (n € N) and A € K. Then

lim a, = A< lim (a, — A) =0.

n—oo n—oo

Proof. The statement is a simple consequence of the definition of the limit and of the

obvious identity
|an — Al = [(an — A) = 0].

3.25. Theorem [T2] Let a,, € K (n € N). Then

lim a, =0« lim |a,| =0.
n—oo n—oo

Proof. The statement is a simple consequence of the definition of the limit and of the
obvious identity
|an = 0 = [lan| —0].

O

3.26. Theorem [T3, Majorant Principle] Let a,, € K (n € N) and b, € R (n € N).
Suppose that (by,) is a zero sequence and that

INoeNVn>No: Jap| < by,
Then (ayn) is also a zero sequence.

Proof. Let € > 0. Since lim b, = 0, then

n=oo
dN;eNVn>Ny: b,=|b,—0|<e.
Thus for the threshold index N := max{Np, N1} holds:
lan, — 0] = |a,| < b, < €.

This means that lim a, = 0. |

n—oo

3.27. Theorem [T/, Sum/ Let ay, b, € K (n € N) be zero sequences. Then their sum
(an, + by,) is also a zero sequence.
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Proof. Let € > 0. Since lim a, = 0, then

n—oo

IN;eNVR >Nyt an| = |an — 0] < =

5 )
and since lim b, = 0, then
n—oo

Ny eNVn> Ny : |bn|:|bn—0|<%.

Let N := max{Nj, Nao}. It will be a good threshold index, because — using the first
triangle inequality — for any n > N holds:

g g

This means that lim (a, + b,) = 0. O
n—oo

3.28. Theorem [T5, Product] Let a,, € K (n € N) be a zero sequence and b, € K (n €
N) be a bounded sequence. Then their product (a,by) is a zero sequence.

Proof. Let £ > 0. Since (b,) is bounded, then
IM>0VneN: |b]| <M.

Since lim a, = 0, then
n—oo
€
I
This N will be a good threshold index, because for any n > N holds:

ANeNVR>N: Ja,| <

€
[(anbn) — 0 = |an| - [bn| < lan|- M < M-Mzs.

This means that lim (apb,) = 0. O

n—oo

3.29. Remark. The set of zero sequences is an infinite dimensional vector space over
K, which is a subspace in the vector space of all N — K type sequences.

3.6. Homework

1. Prove by definition of the limit that
3n—2 3 n3 —2n% +5n +3 1

= — b li - -
) Jm =7 ) T iints 4
nd—3n>+n—-1 1 n®+3n—1
li =— d) 1 =0
c) et 1—2n34+n 2 ) nl—{gon3—7n2+6n—10
n—1

0

lm —
) T =30

In each question determine a threshold index to € = 0, 001.



4. Lesson 4

4.1. Operations with Convergent Sequences

Using Theorems T'1, ..., T'5 about the zero sequences we can easily discuss the opera-
tions with convergent sequences.

4.1. Theorem [Absolute Value]
Let a, € K (n € N) be a convergent sequence. Then its absolute value sequence
(lan]) is also convergent and

lim |a,| =] lim ay|.
n—oo n—oo

Proof. Let A:= lim a,. We have to prove that lim |a,| = |A].
n—oo

n—oo
Using the second triangle inequality we have:

[an] = 4] | < lan - A].

Since — by T'1 — (a, — A) is a zero sequence, then by T3 we have that (|a,| — |A]) is a
zero sequence. Thus — once more by T'1 — lim |a,| = |A]. O
n—oo

4.2. Remark. The reverse statement is not true. For example, if a,, = (—=1)" (n € N),
then (|ay,|) is convergent, but (a,) is divergent.

4.3. Theorem [Addition]
Let ay, by, € K (n € N) be convergent sequences. Then their sum (a, + by) is also
convergent and
lim (ay, + b,) = lim a, + lim b, .

n—oo n—oo n—oo

Proof. Let A := lim a, and B := lim b,. We have to prove that lim (a, + b,) =

n—oo n—oo n—oo
A+ B.

Since — by T'1 — (an, — A) and (b, — B) are zero sequences, then by 7'4 the sequence
(an +by) — (A+ B) = (an, — A) + (b, — B)

is also a zero sequence. Thus ((a, +by) — (A+ B)) is a zero sequence. Using once more
T1 it follows that
lim (ap, +b,) = A+ B.

n—oo
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4.4. Theorem [Multiplication]
Let an, by, € K (n € N) be convergent sequences. Then their product (a,by) is also
convergent and
lim (apb,) = (lim ay,) - ( lim by,).

n—oo n—oo n—oo

Proof. Let A:= lim a, and B := lim b,. We have to prove that lim (a,b,) = AB.

n—oo n—oo n—oo
Let us see the following transformations:

anbn — AB = apb, — Ab, + Ab, — AB = (an — A)b, + A(b, — B).

(an, — A) and (b, — B) are zero sequences by T'1.

The sequences (by,) and (A) are convergent, consequently, they are bounded. Thus
— using T'5 — the sequences ((a, — A)b,) and (A(b, — B)) are zero sequences.

Using 7'4 we obtain that their sum (a,b, — AB) is a zero sequence.

Finally, using 7T'1 we have nh_{& (anby) = AB. O

4.5. Corollary. If b, = ¢, (n € N) is a constant sequence, then we have

lim (ca,) =c- lim a, (ceK).
n—oo n—oo
Combining this result with the theorem about addition we have that if the sequences
an, b, € K (n € N) are convergent, then their difference (a,, — by,) is also convergent
and
lim (a, — b,) = lim a, — lim b, .

n—oo n—oo n—oo

4.6. Corollary. If p € N is a fixed positive integer exponent, then

lim a® = (lim a,)?’.

n—oo n—oo
4.7. Remark. The theorems about the addition and the scalar multiplication of con-
vergent sequences imply that the set of convergent sequences is a vector space. This is
an infinite dimensional subspace in the vector space of all N — K type sequences.

4.8. Theorem [Reciprocal]
Let by, € K\ {0} (n € N) be a convergent sequence. Suppose that B := lim by, # 0.
n—oo

Then

1
a) The sequence (b> s bounded

n

1
b) The sequence <b> s convergent and

n
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Proof.

a) Using Theorem 4.1 we have that lim |b,| = |B| > 0. Applying the definition of
n—oo

|B|

the limit for € := o > 0 we obtain:

B B B 3B
anveNvasn: Bl g Bl o BLZBBE
2 2 2 2
Thus
< { 1 1 2 }
—|==—<maxq—, ..., ——, — ¢ .
bn| |bal ~ |b1] lbn-1]" B

b, B b,B b,

1 1 B—b, 1 ( 1

(b, — B) is a zero sequence by T'1.

1 1

The sequences b) and <_B> are bounded. Thus — using 75 — the sequence
n

on the right side of the above equality is a zero sequence.

1 1
Finally, using 71 we have lim — = —.
n—00 Oy, B

4.9. Corollary. If p € Z, p < 0 is a fixed negative integer exponent, then

lim 02 = (lim b,)?.

n—oo n—oo

Combining the theorems about the reciprocal and about the multiplication we ob-
tain the theorem about the quotient of two sequences:

4.10. Theorem [Division]
Let ap, € K (n € N) b, € K\ {0} (n € N) be convergent sequences. Suppose that

a
lim b, # 0. Then their quotient | — | is also convergent and

n—oo bn
lim a,
. Gn n—00
lim — = = .
n—oo by, lim b,
n—oo
Proof.

. ! Jman
lim — = lim (a,-— ) =(lim ay)- lim — = (lim a,) - — - .
n—oo by, n—oo by, n—o0 n—oo by, n—00 lim b, lim b,

n—oo n—oo
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4.11. Remark. The theorems about the reciprocal and about the quotient and their

corollaries can be extended to the case when the assumption b, # 0 (n € N) is not

required, only the assumption lim b,, # 0 is required. In this case — using the estimation
n—oo

in (4.1) — we have:

B
INeNVn>N: |bn|>‘2’>0,

that is
bn #0 for n=N, N+1, ...

So we can take the sequence (b,, n € N, n > N) instead of (b,, n € N).

4.12. Theorem [q-th root/
Let ¢ € N, g > 2 and a, € R (n € N) be a convergent sequence. Suppose that
an >0 (n € N). Then its g-th root sequence (Yay) is also convergent, and

lim ¥a, = ¢/ lim a,, .
n—oo n—oo

Remark that by Theorem 3.16 and its corollary lim a, > 0.

n—oo

Proof. Let A:= lim a, > 0. We have to prove that lim ¢a, = VA.
n—oo

n—oo

First suppose A > 0. We will use the well-known elementary identity (see: (1.1))
a"—b"=(a—=b)- (@ '+ a2+ ... +ab" 2+
with n =¢, a = ¢a, >0, b= VA > 0. Thus

jan = A| = |(¢/a0)" — (VAY| =
= |¢/an = VAl (V)™ + (Ya) VA4 ... + Yan (VA2 4 (VA

Here we have used that each term of the second factor on the right side is nonnegative
and the last term is positive. This is the reason that the absolute value is not written
around the second factor.
After leaving the first ¢ — 1 nonnegative terms from the second factor we obtain the
following inequality:
lan, — A| > | Ha, — VA| - (VAT
Consequently
[ — VA < 122
S
Since — by T'1 and T2 — (|a,—A|) is a zero sequence, then by T'3 we have that (¢/a, —/A)
is a zero sequence. Thus — once more by T'1 — lim ¢a, = VA.
n—oo

In the remainder case A = 0 we will use the definition of the limit. Let € > 0. Then
g? > 0, therefore

INeNVn>N: 0<a,=]|a,—0| <e?.



4.2. Some Important Convergent Sequences 41

Taking ¢-th root we obtain
AN eNVn>N: 0§],‘l/an—\%]:\q/an<\q/§q:6.

This implies the statement of the theorem in the case A = 0. O

4.13. Corollary. If a,, € Ra, > 0 (n € N) and r € Q is a fixed rational exponent,
then

lim a) = (lim a,)".
n—~oo n—oo

4.14. Theorem [Sandwich Theorem]
Let an, by, ¢, € R (n € N) be real number sequences and suppose that

a) INg eNVn>No: ap<b, <c, and that
b) (an) and (c,) are convergent and lim a, = lim ¢, =: A.
n—o0 n—o0
Then (by) is also convergent and nlLH;o b, = A.
Proof. Let us start from the inequalities
an < b, <cp (n €N, n> Np).
After subtracting a,, we have
0<b,—a, <c,—anp (neN, n>Np).

Since

lim (¢, —ap) = lim ¢, — lim a, =A—A=0,
n—oo n—oo n—oo

then (¢, — ay) is a zero sequence. Using T'3 we obtain that (b, — ay) is also a zero
sequence. Finally

lim b, = lim ((b, —a,)+ay) = lim (b, —a,)+ lim a, =0+ A=A.

n—oo n—oo n—oo

4.2. Some Important Convergent Sequences

In the Examples 3.14 we have seen that

1
lim a, =c (c€K) and lim —=0.
n—oo n—oo N
Now let us discuss the geometric sequence.
4.15. Definition Let ¢ € K be a fixed number. Then the sequence
an:=¢q¢" (neN)

is called a geometric sequence (with base ¢ or with quotient q).
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4.16. Theorem The geometric sequence is convergent if and only if |q| <1 or ¢ = 1.

In this case
0 iflgl<1

lim ¢" =
n—oo

1 ifg=1
Proof. The statement of the theorem is trivial if ¢ = 0 or if ¢ = 1. Suppose that
1
0 < |g| < 1. Then — > 1 and — using the Bernoulli inequality (see Theorem 2.2) —

lq|

1 1\" 1 n 1 1
=) =(1+>=-1) 214n- (5 -1)>n- (5 -1]).
lq| lq] lq lq| lq|

After rearranging we have

1
1

lq|

n n 1
0<[¢"|=lq" < - (n €N).

The right side sequence tends to 0. Using the Sandwich Theorem we obtain

lim [¢"| = 0. Using Theorem 3.25 we have lim ¢" = 0.
n—00 n—00

Suppose that |g| > 1. Once more using the Bernoulli inequality:
" =1lq" = A +lg/ =1)" > 1+n-|g >n-|q,
which implies that the sequence (¢") is unbounded. Consequently it is divergent.

Finally, suppose that |¢| = 1 but ¢ # 1. Suppose indirectly that (a, = ¢") is
convergent and denote by A its limit. Then by Theorem 4.1 we have

|Al = lim ¢"|= lim |¢"| = lim |¢|" = lim 1" =1,
n—oo n—0o0 n—oo n—oo

which implies A # 0.
On the other hand lim a,11 = lim a, = A, therefore
n—oo n—oo

0=A—-A= lim apy; — lim a, = lim (ap4+1 — ap) = lim (q”'"1 —q") =
n—oo n—oo n—oo

= lim ¢"(¢—1) =(¢—1)- lim ¢" =(¢—1)-A.

n—oo

We obtained that
0=(q—-1)-A,

which is a contradiction, because on the right side stands the product of two nonzero
numbers. 0

We have finished the discussion of the geometric sequence. In the following theorems
we will discuss some other interesting convergent sequences.

4.17. Theorem Leta € R, a > 0 be fized. Then
lim Ya=1.

n—oo
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Proof. Suppose first that a > 1.
Let n > 2 and apply the inequality between the arithmetic and the geometric means
(see Theorem 2.8) for the n pieces of non-all-equal positive numbers

a, 1, 1,...,1:
a—1

1
l<Wa=Va 1. 1<% 2 14
n n

The sequence on the right side obviously tends to 1. Applying the Sandwich Theorem

we obtain the statement of the theorem.
The case 0 < a < 1 can be reduced to the first case. Really, since — > 1, then
a

. 1 1 1
a=— = — =1
Eor nfl 1
Va \[
Finally, the case a =1 is trivial. ]
4.18. Theorem
lim {/n=1.

n—oo

Proof. Suppose that n > 2 and apply the inequality between the arithmetic and the
geometric means (see Theorem 2.8) for the n pieces of non-all-equal positive numbers

Vi, Vi, 1,1,

2 —2 2 2
cWntn-2_ 2 . 2
Vn n

1<<L/ﬁ:’\’/ﬁ-ﬁ-1-...-1 -

The sequence on the right side obviously tends to 1. Applying the Sandwich Theorem
O

we obtain the statement of the theorem.

4.19. Corollary. For any fixed r € Q:

lim Vn" = lim ({n) =1"=1.
n—oo n—oo

4.20. Theorem Let q € K and k € N be fized. Then
lim n*-¢" = 0.
n—oo

Proof. For any n € N we have
(4.2)

nkq™ = n® " = ((/n)")" - JgI" =

Let s € R, |¢| < s < 1 be fixed. Since lim (Vn¥)-|q| = 1-|q| = |q|, then by the
n—oo

(Vnk-1al)"

definition of the limit:
IJNeNVn>N: (Vnk) |q <s.
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Thus we can continue (4.2) for n > N as follows:
n
nkq"| = (VnF-Jql)" < 5"

However, lim s" = 0, because (s") is a geometric sequence with 0 < s < 1. Using the
n—oo

majorant principle for zero sequences (see: Theorem 3.26) we obtain that (nf¢") is a
Z€ro sequence. O

1
4.21. Corollary. Let a € R, a > 1. Applying the previous theorem with ¢ := — we

a
obtain for any k € N that

We can express this fact in this way: the exponential function (with base greater than
1) increases faster than a power function of any degree.

In the following theorem we will show that the factorial increases faster than any
exponential function.

4.22. Theorem Let x € K be fixed. Then

xn

lim — =0.
n—oo 1!

Proof. Let n € N, n > |z|. (There exists such n by the Archimedean property of
ordering.) Then we have for any n > N + 2:

N factors
—_——~—
e I L T 0 TN N 2 A 2 2| Jxl
n! n! l1-....-N(N+1)-....n N!' N+1 ~~"n—-1 n —
N factors
N
_%-THO (n — 00).

In the above estimation we have used that

|z]

el g

<1
N+1 ’ )

n—1

and that the other factors of the product are nonnegative.
Finally, applying the majorant principle for zero sequences (see: Theorem 3.26) we
n

x
obtain that (—) is a zero sequence. O
n!
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4.3. Complex Number Sequences

4.23. Definition Let z, € C (n € N) be a complex number sequence. Let us write its
each term in canonical form:

Zn =ap +bpi (neN),

where i denotes the imaginary unit in C: i = /—1. Thus we have defined the real
number sequences (a,) and (b,). Obviously a,, = Re z,, and b,, = Im z,.

The sequence (a,,) is called the real part sequence of (z,). The sequence (by,) is
called the imaginary part sequence of (zp).

4.24. Example
If 2, = (n +1i)? (n € N), then

Zn=(n+1)? =n+2ni+i*>=n?—142ni,

thus
an = Rez, =n?—1, b, =Imz, =2n (neN).

The following auxiliary theorem will be useful at the discussion of boundedness and
convergency of complex sequences.

4.25. Theorem If z € C, then
Rez| <|z| < |Rez|+|Imz| and |Imz|<|z| <|Rez|+ |Imz|.
Proof. Denote by x the real part of z and by y the imaginary part of z respectively.

Then
2l =V <@+ = |2 and gl = Vi < Va2 + 42 = |

imply the left-hand inequalities immediately. The common right-hand inequality can
be proved as follows:

|2l = Va2 +y2 = V]l + [y < Vel +2zlyl + y P = /(2] + [y])? =
= |z[ + [yl = [Re 2| + [Im 2] .

O

4.26. Theorem The complex number sequence z, € C (n € N) is bounded if and only
if its real and imaginary part sequences are bounded.

Proof. Suppose that (z,) is bounded.Then
dM >0VneN: |z, <M.
Using the auxiliary theorem we have

Rezp,| <M and |Imz,| <M (n eN),
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which means that (Re z,) and (Im z,) are bounded.
Conversely, suppose that (Re z,) and (Im z,) are bounded sequences. Then

dM; >0VneN: |Rez,|<M;, and IMy;>0VneN: |[Imz,| <M.
Once more by the auxiliary theorem we have:
|zn| < |Rezp| + [Im 2, | < My + My,

which implies the boundedness of (z,). O

4.27. Theorem The complex number sequence z, = an,+byi € C (n € N) is convergent
if and only if its real part sequence (a, = Rez,) and its imaginary part sequence
(by, = Im z,,) both are convergent. In this case:

lim z, = lim Rez, + (lim Imz,) 7.
n—oo n—oo n—oo

Proof. Suppose that (z,) is convergent and denote its limit by Z = A+ Bi € C. Then
the sequence

2n—Z = ap + byt — A — Bi=(a, — A) + (b, — B)i (n € N)
is a zero sequence. Using the auxiliary theorem we have
lap, — A| <|zp—Z| — 0 and |b,—B|<|z,—Z| —0 (n — 00).

From here it follows — by the majorant principle for zero sequences (see: Theorem 3.26)
— that (a, — A) and (b, — B) both are zero sequences. This implies that (a,) and (b,)
are convergent, moreover hm a, = A and hm b, = B.

Conversely, suppose that (an) and (bn) are convergent. Then (see: operations with
convergent sequences) the linear combination

zn=1-a,+1-b, (n € N)
is also convergent and

lim z, = lim (ay, + ib,) = lim a, +¢- lim b, .

n—oo n—0o0 n—oo n—oo
(I

4.28. Example Let

n+1l 2n+1
= ) eN).
Zn n + n+1 t (n )
Then
1 2 1
Rezn:n+ — 1 (n—o00) and Imz, = nt —2 (n— o),

n n+1
thus by the theorem
lim z, =1+ 2:.

n—oo
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4.4. Homework
1. Determine the following limits if they exist.

3nt —5n3 +n? —1 . (n+2)8 — (n+3)8
b) lim
n—oo (n? — 2n — 5)(2n3 + n? 4 3)

y
W e T P — T2 4 6n =10

¢) lim (Vn?+n-—n) d) lim (v2n—1-+yn+3)
. Vn+1l—y/n
li 2n—1—+/2 3 lim ————
o g (Van=1-vint3) Uy o
. . n+1
g) lim(y/n+4-y/n—+/n—10-y/n) h) lim } 3
6n+2_3n+1 ' ) n3_2n+5n+1

nLn;o 2. 67 + 5ntl ]) nth;o 5n—l _p.3n
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5.1. Monotone Sequences

5.1. Definition Let a, € R (n € N) be a real number sequence. We say that this
sequence is

e monotonically increasing if VYneN: a, <apy1

e strictly monotonically increasing if Vn e N: a, < apy1

e monotonically decreasing if Vn € N: a, > ant1

e strictly monotonically decreasing if Vn e N: a, > ap1

e monotone if it is either monotonically increasing or monotonically decreasing

e strictly monotone if it is either strictly monotonically increasing or strictly mo-
notonically decreasing

5.2. Remarks.

1. The strictly monotonically increasing sequences are often called increasing se-
quences or strictly increasing sequences.

2. The strictly monotonically decreasing sequences are often called decreasing se-
quences or strictly decreasing sequences.

3. The monotonically increasing sequences are sometimes called nondecreasing se-
quences.

4. The monotonically decreasing sequences are sometimes called nonincreasing se-
quences.

5.3. Theorem FEvery real number sequence has a monotone subsequence.

Proof. Let a, € R (n € N) be a real number sequence. Let us call a natural number
k € N a vertex of (a,) if
Yn>k: ap>a,.

Case 1: Suppose that the number of vertices is infinite. In this case the vertices form
an index sequence:
n<ng<ng< ...

Since np is a vertex and ny > nq, then a,, > ap,,
since ng is a vertex and ng > ng, then a,, > ap,,
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and so on. We have obtained a strictly monotonically decreasing subsequence
Apy > Apy > Apg > ...

Case 2: Suppose that the number of vertices is finite (may be no vertex). Let ng be
the last vertex of (a,) and n; := ng+ 1. Then n; is no vertex, consequently Iny > n; :
an; < Ay,

ng is no vertex, consequently 3ng > ng 1 ap, < apg,

and so on. We have obtained a monotonically increasing subsequence

Ony < Apy < Gpy < e

5.4. Theorem Let a, € R (n € N) be a monotone real number sequence. Then it is
convergent if and only if it is bounded. Moreover

sup{a, | n € N} if (an) is monotonically increasing
lim a, =

e inf{a, | n € N}  if (an) is monotonically decreasing

Proof. Suppose that (a,) is convergent. Then it is bounded (see Theorem 3.21).

Conversely, suppose that (ay) is bounded and let us see the case when (ay) is
monotonically increasing. Because of its boundedness (ay,) is bounded above. Therefore
it has finite least upper bound

A :=sup{a, | n € N} e R.
Let € > 0. Then A — ¢ < A, thus A — ¢ is not upper bound. Therefore
dANeN: ay>A—c¢.
Since (a,,) is monotonically increasing, then we obtain that Vn > N : a, > ay. Hence
A—ece<an<ap, <A< A+¢ (Vn>N),
which implies |a, — A] < €.

This means — by the definition of the limit — that lim a, = A.

n—oo
The monotone decreasing case can be proved similarly. O

5.5. Remark. Since every monotone increasing sequence is bounded below, then for
a monotone increasing sequence the property , bounded” is equivalent to , bounded
above”. Similarly, for a monotone decreasing sequence the property ,,bounded” is equi-
valent to ,,bounded below”.

5.6. Theorem [Bolzano- Weierstrass/
Every bounded number sequence contains a convergent subsequence.
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Proof. In the first step we will prove the statement for real number sequences. Let
ap, € R (n € N) be a bounded real number sequence. By Theorem 5.3 it contains a
monotone subsequence (ay, ). The subsequence (ay, ) is obviously bounded (with the
same bound as (a,), therefore it is a monotone and bounded sequence. Consequently
— by the previous theorem — (ay, ) is convergent.

In the second step we will prove the statement for complex number sequences.
Let z, = ap, + byi € C (n € N) be a bounded complex number sequence. Then by
Theorem 4.26 the real sequences (ay,) and (b,) are bounded. Applying the proved
part of the theorem for the real part sequence (a,), it has a convergent subsequence
(an,, k € N). However, the subsequence (by,, k € N) of the imaginary part sequence
(by) is also bounded, so — applying once more the proved part of the theorem — (b,,)
has a convergent subsequence (by,_, s € N). Hence — using Theorem 4.27 — the complex
number sequence

Zng, = Gny,, +bn, 1 (s € N)

is convergent, and obviously it is a subsequence of (z,). O

5.2. Euler’s Number e

5.7. Theorem The sequence

1 n
ap 1= <1+> (neN)
n
18 convergent.

Proof. We want to apply Theorem 5.4, therefore we will prove that (a,) is increasing
and bounded above.

To prove that (a,) is increasing, let us apply the inequality between the arithmetic
and the geometric means (see Theorem 2.8) for the n+1 pieces of non-all-equal positive
numbers

1 1
14—, 1+, ..., 1+, 1.
n n

We obtain that

n times

n+2 n+1 1 n+1
— = 1 = .
(n+1> ( +n+1> In+1

This means that (a,) is increasing
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To prove that (ay) is bounded above, let us apply the inequality between the arith-
metic and the geometric means for the n + 2 pieces of non-all-equal positive numbers

1 1 1 1 1
1+—, 1+—, ..., 14+ —, = —.
+n’ +n’ ’ +n’ 2’ 2
We obtain that

L L 1—|—1 ' 1+1 1+1 L 1<
—a, == - - = =) Z).2. =z
4" 4 n n n) 2 2
n times

N 4z

”<+n>+2+2 n+2\"?
< = —1,

n+2 n+2
Hence we have a, < 4 (n € N). Thus (a,) is bounded above. O

5.8. Definition On the base of the previous theorem we can define Euler’s number e

as
1 n
e:= lim (1—1—) .
n—oo n

5.9. Remark. Later (see Theorem 9.15) we will prove that the number e is irrational.
Its approximating value for three decimal digits is 2.718. This means that

1
le —2.718| < 3 1073, thatis 2.7175 < e < 2.7185.

5.3. Cauchy’s Convergence Test

5.10. Definition The number sequence a,, € K (n € N) is called a Cauchy sequence
if
Ve>03dIN eNVm,n>N: |a,—apn|<ec.

5.11. Theorem FEvery Cauchy sequence is bounded. Consequently — by the Bolzano-
Weierstrass theorem — it has convergent subsequence.

Proof. Let a, € K (n € N) be a Cauchy sequence and let us apply the above definition
with e = 1. Then
AN eNVm,n>N : |ap—an|<1.

Let m := N and apply the second triangle inequality. Thus we have
1> | an = an| 2 |lan] = lan]| = |aa] = lan| (0= N).

Consequently
lan| <1+ |an] (n>N).
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Hence we have
lan| < max{|ai|, ..., |lan—1], 1 + |an|} (neN).

This means that (a,) is bounded. O

5.12. Theorem [Cauchy’s Convergence Test]
The number sequence a, € K (n € N) is convergent if and only if it is a Cauchy
sequence.

Proof. Suppose that (a,) is convergent and denote by A € K its limit. Furthermore
let € > 0. Then -
ANeNVn>N : \an—A]<§.

This N will be a good threshold index to prove that (a,) is a Cauchy sequence. Really,

using the first triangle inequality, we have for any m,n > N:
€ €
lan—am| =|an—A+A—ap| <|an—Al+|A—an| =|an—A|+|am—A| < 5—&—5 =e.

Conversely, suppose that (a,) is a Cauchy sequence. By the previous theorem (a,,)
has a convergent subsequence (ay, ). Denote by A the limit of (ay, ). We will show that
lim a, = A. Let € > 0.

n—oo

By the definition of the Cauchy sequence we have

AN e NVm,n> N : \an—am\<g.

This number N will be a good threshold index to prove that (a,) tends to A.
Since klim an, = A, then

JK eNVEk> K : yank—Ay<g.
The index sequence (ny) is unbounded above, therefore

dkeN: k>K and np > N.

Fix such a k. Then we have for any n > N — since in this case n, ny > N — the following
inequalities:
€ €
| an — an,| < 3 and |ap, —A| < 7

Finally, using the first triangle inequality we have
€ €
lan — Al = |an — an,, + an,, — Al < |an — an, | + | an, — Al < §+§ =e.

This means that lim a, = A. O

n—oo

5.13. Remark. The fact that every Cauchy sequence is convergent is a typical pro-
perty of the real numbers. This property is known as R is a complete metric space.
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5.4. Infinite Limits of Real Number Sequences

5.14. Definition Let a, € R (n € N) be a real number sequence. We say that (a,)
tends to 400 if
VP>0dNeNVn>N: a,>P.

This fact is denoted in one of the following ways:

lima = 400, lima, =+oc0, lim a, =400, a, — +00 (n— 0),
n—oo

lim(a,) = +o00, (an) — +00 (n — 00).

5.15. Definition Let a, € R (n € N) be a real number sequence. We say that (a,)
tends to —oo if
VP<0dNeNVn>N: aqa,<P.

This fact is denoted in one of the following ways:

lima = —o0, lima,=-oc0, lim a,=-00, a,— —0c0 (n— x0),
n—oo
lim(a,) = —oc0, (ap) — -0 (n— 0).

5.16. Definition Let a, € R (n € N) be a real number sequence. We say that (a,)
has a limit if

(ay) is convergent or lim ap, =400 or lim a, = —00.
n—oo n—oo
In other words:
JA€eR: lima,=A.
n—oo
5.17. Remark. Define the neighbourhoods of 400 and of —co with radius r > 0 as
follows:

1 1
B(+oo,7) :={z €R | x>;}=(;, +o00) C R,

and ) .
B(—oo,r):={zeR | z< —;}: (—o0, —;) C R.

Using these definitions we can express uniformly that lim a, = A.
n—oo

Let a, € R (n € N) be a real sequence and A € R. Then lim a, = A is equivalent
n—oo
to

Ve>03INeNVn>N: a,€B(Ac¢).

5.18. Remark. It is obvious that if a sequence tends to 400, then it is unbounded
above. If a sequence tends to —oo, then it is unbounded below. The converse statement
is not true as we can see from the example a,, := (—=1)" - n, (n € N).
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5.19. Theorem a) Let a, € R (n € N) be a monotonically increasing sequence.
Suppose that it is not bounded above. Then

lim a, = +o00.
n—oo

b) Let ap, € R (n € N) be a monotonically decreasing sequence. Suppose that it is
not bounded below. Then
lim a, = —oc0.

n=so0

Proof. We will prove part a). Let P > 0. Since (ay,) is not bounded above, then
dNeN: ay>P.

However, (ay,) is monotone increasing, therefore

Vn>N: a,>ay>P.

This means that lim a, = +o0.
n—oo

Part b) can be proved similarly. ]

5.20. Corollary. Combining this theorem with Theorem 5.4 we obtain that every
monotone sequence has a limit. If the sequence is bounded, then this limit is finite, if
it is unbounded, then the limit is infinite.

Now we will discuss the algebraic operations with infinite limits.

5.21. Theorem [Addition]
Let an, b, € R (n € N). Suppose that lim a, = A where —co < A < 400 and
n—oo

lim b, = +oco. Then

n—oo

lim (ay, + by) = +00.

n—oo

Proof. Let us fix a real number P; < A. Then by definition of the limit
dN; eNVn > Np: an>P1.

Let P > 0. Since lim b, = 400, then to the real number P — P;

n—o0o

dNo e NVn>Ny: b,>P—P;.
Let N := max{Nj, Na}. Then for every n > N holds
an+by, >P +P—-P =P.

This means that lim (a, + b,) = +o0. O

n—oo
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5.22. Remarks.

1. The theorem does not state anything about the case when A = —oo. It is not
by chance, in this case the sequence (a, + b,) can behave itself variously, as the
following table shows:

an, A =lima, b, B =1limb, | ay + by, | lim(a, + by)
—n+c
(ceR —00 n +0o0 c c
arbitrarily
fixed)
—2n —00 n 400 -n —00
-n —00 2n +00 n +o00

does not exist

—n —00 n+ (=1)" +00 (—1)™ |(and bounded)
does not exist
—n? —00 n?+(-1)"n +00 (=)™ -n (and
unbounded)

2. Our theorem makes it possible for us to extend the addition from R into R
preserving the identity

lim (a, + b,) = lim a, + lim b, .
n—00 n—o0 n—oo

The table of addition in R is the following:
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r+y |y=—-00| yeR |y=+o0

not
r=-00 —00 —o0 | defined
reR —00 T+y ~+00

not
z = +oo| defined +o00 400

You can see that the sum of the elements —oo and 400 is undefined. In all other
cases the sum is defined.

3. After these definitions the theorem about the limit of the sum of two real sequen-
ces having limits can be stated shortly as

5.23. Theorem If the real number sequences (an) and (by,) have limits, further-
more the sum of lim a, and lim b, exists, then
n—oo n—oo

lim (a, + b,) = lim a, + lim b, .
n—oo n—oo n—oo

4. The sums (—o00) + (4+00) and (400) 4+ (—o0) are called indeterminate sums. They
are a kind of indeterminate expressions.

5. Using the connection between the addition and subtraction we can reduce the
subtraction of sequences having infinite limits to addition. Accordingly the diffe-
rences (+00) — (+00) and (—oo) — (—o0) are also indeterminate expressions.

5.24. Theorem [Multiplication]
Let ay,, by, € R (n € N). Suppose that ILm an, = A where A € R\ {0} and li_)m b, =
4+o00. Then e e
+o0o  if A>0
lim (a,by,) =

n—oo

—o00 if A<O0

Proof. We will prove the case 0 < A < +00. The proof of the other case is similar.
Let us fix a real number P; such that 0 < P; < A. Then by definition of the limit

dN;eNVnR>Ny: a, > P;.
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. . P
Let P > 0. Since lim b, = 400, then to the real number —
n—oo 1
P
dNo e NVn>Ny: b, > —.
Py
Let N := max{Nj, No}. Then for every n > N holds
P P
anbn>an-E>P1~Fl:P.
This means that lim (a,b,) = +oo. O
n—oo

5.25. Remark. From our theorem we can deduce that if we define the multiplication

in R as follows

-y y=—-00| —0o<y<0| y=0 |0<y<+oo|y=+00
not

T = —00 +o00 +00 defined —0 —00

—oo<zr <0 400 zy 0 Yy —0
not not

z=0 defined 0 0 0 defined

0<z< 400 —00 Y 0 Ty ~+00
not
T = +00 —00 —00 defined +00 +00

then we have the following theorem

5.26. Theorem If the real number sequences (a,) and (b,) have limits, furthermore

the product of lim a, and lim b, exists, then
n—oo

n—oo

Accordingly the products 0-(+00), 0-(—

expressions.

lim (apb,) = (lim ay,) - ( lim by,).

n—oo

n—oo

n—o0

0), (+00)-0 and (—00)-0 are indeterminate
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5.27. Theorem [Reciprocal] Let by, € R\ {0}, (n € N) be a real number sequence.
Suppose that it has a limit and lim b, = B € R. Then

n—oo

é if Bg¢{—0c0,0, 400}
0 if Be{—o00,+o0}
lim <bl>: +oo if B=0and3INgeNVn>Ny: by >0
’ —00 if B=0and3INyeNVn>Ny: b,<0
does not exist if B =0 and there are infinitely many positive
and infinitely many negative terms in the sequence

Proof. The case B ¢ {—o0, 0, +00} was proved at the convergence sequences (see
Theorem 4.8).
Suppose that B = +oo. Let ¢ > 0. Then

1
AN eNVn>N: b, > —.
13

1
After rearranging we have —e < 0 < o < g, that is

n

1

n

The case B = —oo can be proved similarly.
Suppose that

B=0 and INgeNVn>Ng: b,>0.

Let P > 0. Then

1
E|N1€NVH2N12 bn<ﬁv
1
thus for any n > N := max{Ny, N1} holds 0 < b, < i After rearranging we have
1
— > P (n>N).
bn

The case when B=0and 3Ny e NVn > Ny: b, <0 can be proved similarly.

Finally, suppose that the sequence (b,) contains infinitely many positive and in-

finitely many negative terms and lim b, = 0. In this case the subsequence of the
n—oo

reciprocals of the positive terms tends to +o00, the subsequence of the reciprocals of the

1
negative terms tends to —oo. Thus (b—) has no limit. O
n
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5.28. Example
If ¢ € R, ¢ > 1, then the geometric sequence (¢") tends to +o0o. Really, in this case

1
q" = and 0<-<1
q

()"

N L S

1\" \"
Thus lim <> =0 and () > 0 (n € N). Using the previous theorem we obtain
q

n—oo q

lim ¢" = 400.
n—oo
The quotients having infinite limits can be discussed by combining the results about
the reciprocal and the product.
Finally let us collect the undefined (indeterminate) expressions:
Sums: (—00) + (400), (+00) + (—00)
Differences: (+00) — (400), (—o0) — (—00)
Products: 0 - (£o00), (£o0) -0
v oE>
0’ +oco
If a limit problem results in an indeterminate form, then we need to transform the
formula of the sequence into a non-indeterminate form.

Quotients:

5.5. Homework

1. Determine the limits of the following recursive sequences if they exist.

2
a
a) a1 =0, apt1=+v4+3a, b) a1 =1, an+1:1+zn

2. Determine the following limits if they exist.

3 2n+5 1 2n+3
a) lim <1 — > b) lim <1 + )
n—00 n n—oo n
In — 4 4n+2 92 1 3n—2
c) lim i d) lim nt
n—oo \ 3n + 5 n—oo \ 2n — 3

3. Prove by definition of the limit that

) I nd—3n2+n—1 n b) I n*—4n® +3n+2

a im = +o00 im = —00
n—00 5n2 +n—3 n—00 1—Tn — 4n?

In question a) determine a threshold index to P = 1000. In question b) determine

a threshold index to P = —2000.
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6.1. Numerical Series

In this chapter we will discuss the problem that the terms of a numerical sequence can
be added in some sense.

6.1. Definition Let a,, € K (n € N) be a number sequence. The expression
(o]
a] +as + a3+ ...:Zan
n=1

is called an infinite numerical sum or an infinite numerical series. The numbers a,, are
the terms of the series. The sequence

n
Sn::a1+a2+...+an:Zak (n € N)
k=1

is called the partial sum sequence of the series. .S, is the n-th partial sum.

6.2. Remark. As mentioned at the sequences, the starting index is not necessarily 1.
If the starting index is the integer p € Z, then the series is

o0
Ap + Gpt1 + Apy2 ... = Zan,
n=p
and the partial sum sequence is
n
Sn::ap+ap+1+...+an:2ak (n€Z, n>p).
k=p

If p # 1, then it is better to say for S, ,the partial sum according to the index n”
instead of ,,the n-th partial sum”.

(e8]
6.3. Definition The series ) ay, is called convergent if its partial sum sequence (S,,)

n=1
is convergent. In this case the limit of the partial sum sequence is called the sum of the

series. For the sum of the series we will use the same symbol as for the series itself:

o n

g an = lim S, = lim E ag .
n—oo n—oo

n=1 k=1

A series is called divergent if it is not convergent. In this case the sum of the infinitely
many terms a, is undefined.
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o0 oo
6.4. Theorem Let ap, b, € K (n € N) and suppose that the series Y a, and Y b,

are convergent. Then

[e.e]
a) The series > (an + by) is also convergent and
oo
> (an +by) Z an + Z bn
n=1

o0
b) For any c € K the series Y (c-ay) is also convergent and
n=1

gcan—cgan
n=1

Proof.

a) We have for any n € N that

n n n

Z(ak+bk) = Zak+zbk'
k=1 k=1 k=1
Therefore (taking n — o)

o

n=1

b) Using a similar idea we have for any n € N that

n n
S a) =Y o
k=1

k=1

Therefore (taking n — o)

> (an+by) = lim Y (ag +by) = lim (Zawzbk) =
k=1 k=1 k=1
= lim Zak+ lim Zbk:Zan—i—an.
ngﬂwk:l ng%nk:l n=1 n=1

o0 n n o

g ¢-ap) = lim E c-a) = lim E ar | =c¢- lim E ak:c-g an .
n—oo n—oo n—oo

n=1 k=1 k=1 n=1
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6.2. Geometric Series

An important type of convergent series is the geometric series. This is the series whose
terms form a geometric sequence.

6.5. Definition Let ¢ € K be a fixed number. Then the series
o
(+C+E+ . =D "
n=1

is called a geometric series (with base g or with quotient q).

6.6. Theorem The geometric series is convergent if and only if |q| < 1. In this case

- g

n_

Z T = 1—q°

n=1
Proof. Suppose that ¢ = 1. Then

n

Sn221k:n (neN),
k=1

which is an obviously divergent sequence.
Suppose that ¢ # 1. Using the formula for the sum of the first n terms of a geometric
sequence (the formula was proved in secondary school), we have

n n_1q
SnzzquQ'qj (n eN).
k=1 9

It follows from the theorem about the convergency of a geometric sequence (see Theorem
4.16) that if |¢| > 1, then (S,) is divergent. Furthermore if |g| < 1, then we have

(o] n

—1 0—-1
E q”zlimSn:limq-q :q~7zi.
= n—00 n—00 q—1 qg—1 1—g¢q

O

6.7. Remark. In many cases the indices of the geometric series start with 0. Then —
using a proof similar to the previous one — we have the following

6.8. Theorem The geometric series
o
l4+q+¢+¢+ ... =Zq”
n=0
is convergent if and only if |q| < 1. In this case
o
S
n=0 1- q
Remark that this formula is valid for ¢ = 0 too, if we agree that the first term ¢° of the

series denotes the number 1 for any ¢ € K, independently of the fact that the power 0°
is undefined.
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6.3. The Zero Sequence Test and the Cauchy Criterion

6.9. Theorem [Zero Sequence Test]
o0
Let a, € K (n € N) and suppose that the series Y ap is convergent. Then

n=1

lim a, =0.
n—oo

Proof. Let A:= )" a, and (S,) be the partial sum sequence. Obviously

n=1
Sp=5-14+a, (neN, n>2).

Moreover we have

lim S, =A and Ilim S,_1=A4,

n—oo n—oo
therefore

lim a, = lim (S, — Sp—1) = lim S, — lim S,,_1 =A—-A=0.

n—oo n—oo n—oo

O

6.10. Remark. The converse statement is not true. As a counterexample let us study
the harmonic series

oo

> s

n=1 "

The terms of this series obviously tend to 0. We will show that the harmonic series is
divergent.

Denote by S, its partial sums:

n
1 1 1 1 1
Sn.—kzlk—1+2+3+...+n (TLEN)

We will prove that the sequence (.Sy,) is not bounded above. To see this, it is enough to
show that the subsequence (S, n € N) is not bounded above. Let us see the following
estimation:

EURE T R S N

123 on

1 1 /1 1 1 1 1 1 1 1
:1+2+<3+4) <5+6+7+8) +<2n—1+2n—1+1+ +2n)2
>1+1+<1+1)+(1+1+1+1>+ +<+1+ +1>—
=1 2" \4 4 8§ 8 8 '8 on ' on on
:1+20-2+21-%+22-é+...+2”*1-2n—1+n~%>— (n € N).

n
The sequence (5) is obviously not bounded above, consequently so does (San).
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6.11. Theorem [Cauchy Criterion]

o0
Let a,, € K (n € N). Then the series Y a, is convergent if and only if
n=1
Ve>03INeNVm>n>N: |ap+apt1+...+an| <e. (6.1)

The number N is called threshold index.

Proof. Denote by (S,) the sequence of the partial sums: S, = a1 + a2 + ... + ap.
Since for m > n > 2

ap + app1+ ..o+ @ = S — Sp—1,
then the statement is a simple consequence of the application of Cauchy’s convergence
test (see Theorem 5.12) for the sequence (Sy). O

The following theorem is a simple corollary of the Cauchy criterion.

6.12. Theorem Let a, € K (n € N).
Letny e N (k€ N) and mp € N (k € N) be two index sequences
(see Definition 3.3). Suppose that

o0
If the series > ay, is convergent, then
n=1

mg
lim Z a; =0.
k—oo

i=ny

Proof. Let € > 0. Since the series is convergent, then by (6.1)

m
INeNVm>n> N: Zai <e.
=n

However, lim nj = +oo, therefore
— 00

dKeNVE>K: mp>n,>N.

Thus we have proved that

mi
Ve>03IKeNVE>K: | ) a|<e,

i=ng

which implies the statement of the theorem. [l

6.13. Corollary. If we apply the above result for the index sequences
ny =myp =k (k € N), then we obtain once more the zero sequence test.
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6.4. Positive Term Series

[e.°]

6.14. Definition Let a,, € R (n € N). The series ) a,, is called a positive term series

n=1
if a, >0 (n eN).

6.15. Theorem A positive term series is convergent if and only if its partial sum
sequence is bounded above.

o0
Proof. Denote by > a, a positive term series and by (S),) its partial sum sequence.

n=1

Since by a,+1 >0
Sn1 = Sp + any1 = Sy,

then (S),) is monotone increasing. Thus by Theorem 5.4 it is convergent if and only if
it is bounded above. U

6.16. Remark. By the previous theorem the only possibility for divergency of a po-

sitive term series is that lim S,, = +00. By this reason we use the following notations
n—oo

for positive term series:

o0 o0
e > a, <xif > a, is convergent
n=1 n=1

oo o0
e > a,=cxif ) a, is divergent
n=1 n=1
6.17. Theorem [Direct Comparison Tests]
Let ap, by, € R (n € N) and suppose that 0 < a,, < b, (n € N). Then

o0 oo
a) If > b, < o0, then > a, < oo (Majorant Criterion)
n=1 n=1

[e ) o0
b) If > a, = oo, then Y b, = co (Minorant Criterion)

n=1 n=1

oo oo
Proof. Denote by S, and by 7, the partial sums of the series »_ a, and > b,

n=1 n=1
respectively. By the assumptions of the theorem (.S,,) and (7},) are monotone increasing,

furthermore

S, <T, (neN). (6.2)

a) If > b, < oo, then (T},) is bounded above. Therefore by (6.2) (.S,,) is also bounded

n=1
00
above. Consequently > a, < oc.

n=1

[e.e]
b) If > a, = oo, then (S,) is not bounded above. Therefore by (6.2) (T,,) is also

n=1

o0
not bounded above. Consequently »_ b, = oo.
n=1
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O

6.18. Remarks.

1. The statement of the theorem will be obviously true if the condition 0 < a,, < b,
holds except for a finite number of indices n.

2. If a real number series does not contain infinitely many positive and infinitely
many negative terms, then it can be investigated as a positive term series. Namely,
if every term is negative, then we factor out (—1) from the series. If the series
contains a finite number of positive or a finite number of negative terms, then we
leave these terms.

6.5. The Hyperharmonic Series

6.19. Definition Let p > 0 be a fixed real number. The positive term series

oo

1

npP
n=1

is called a hyperharmonic series or a p-series.

To investigate the convergence of the hyperharmonic series, first we prove an inte-
resting auxiliary theorem.

6.20. Theorem [Cauchy’s Condensation Principle/
Let a,, > 0 (n € N) be a monotone decreasing sequence of nonnegative numbers.

Then
oo o0
Zan<oo — Z2k‘a2k<oo.
n=1 k=0

Proof. Both series are positive term series, therefore we will apply Theorem 6.15.
Let us denote by S, and by T} the partial sums:

Spi=a1+ ... +a, and T} ::20-a20+21-a21+ ...+2k'CL2k.

o0

First suppose that " 2% - aq < oo. Then (T}) is bounded above. Denote by M one of
k=0

its upper bounds. Then for any k£ € N holds

Sok_1=a1+ ... +ag_1 =

=a1+ (a2 +a3)+ (as +as+as+a7)+ ... + (age—1 +agre—1,1 + ... +agw_1) <
<ay+ (ag+az)+ (as+as+as+as)+ ... + (age-1 +age—1 + ... +age1) =
=la; +2a9 +4ag+ ... + 21 =T < M.

Therefore the subsequence (S,x_;) of (Sy,) is bounded above. However, (S,,) is monotone

increasing, which implies that (S,,) is bounded above, consequently »_ a, < oco.
n=1
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o0
Conversely, suppose that »_ a, < co. Then (S,) is bounded above. Denote by M
n=1
one of its upper bounds. Then for any k£ € N holds

Szk:al—i-...—i—an:
=ar+ax+ (a3 +as) + (as +as +ar+ag) + ... + (age-141 + Gge-149 + ... +agr) >
> a1 +az+ (ag+aqg)+ (ags+ag+ag+asg) + ... + (agk + a9k + ... + age) =
= a1+ ay+2a4 +4dag+ ... + 2871 ay =
2as + das + 8 L2k Ty — Ty _ T
n as + 4ay + CL82—|- + a2k:a1+ k2a1:a1—|2— kZ?k

After rearranging we obtain that

:al

T < 285 < 2M .

o0
Therefore (T}) is bounded above, consequently > 2F - ay. < oo, O
k=0
Using this auxiliary theorem we can prove the convergence theorem of hyperhar-
monic series.

6.21. Theorem Let p > 0. The hyperharmonic series

o

1

npP
n=1

s convergent if and only if p > 1.

Proof. We can apply Cauchy’s condensation principle, consequently

1 1
k
E — <0 = E 2 '(2k)p<OO.

However, the series on the right side can be transformed as

0 1 [e’e) 2k 0 2 k [e’e]
S =Y =2 (5) =20
k\P k D
k=0 (2) im0 (29) oo \2 k=0
This geometric series is convergent if and only if 2!7P < 1, that is if p > 1. O

6.22. Remark. Using Theorem 6.12, we can present a simple proof for divergence of
the hyperharmonic series in the case 0 < p < 1.

Let 0 <p < 1. Then 1 —p > 0, and we have for any n € N:

2n

Zl— L
S (P (2P (ntm)p

1 N 1 N N 1 1 nl—p 1
T (n+n)p (n+n)p T (ntn)p (2n)p 2p T 2v°

n times
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Thus the sequence

2n 1
> 5 (eN)

i=n-+1
o0
is not a zero sequence. Consequently — using Theorem 6.12 — the series » — is diver-
n=1"1

gent.

6.6. Alternating Series

A real number series is called an alternating series if it contains alternately positive
and negative terms.

6.23. Definition Let a; > a2 > a3 > ... > 0 be a monotonically decreasing sequence
of positive numbers. Then the series

(o)
a] —a+az —ayg +as — ...:Z(—l)nfl-an
n=1

is called a series of Leibniz type.

6.24. Theorem [Leibniz Criterion/
The series of Leibniz type
2 ()"

n=1

s convergent if and only if lim a, = 0.
n—oo

o0
Proof. Suppose that > (—=1)""!.q, is convergent. Then by Theorems 6.9 and 3.25

n=1
lim a, = 0 holds.
n—oo
Conversely, suppose that lim a, = 0.
n—oo

Denote by S,, the partial sums

S, = i(—n’f*l ax  (neN),
k=1

and let us discuss the subsequences (S2;,) and (S2,—1).
Since
Sony2 = Son + (@2n41 — G2n42) > S2,  and

Son+1 = San—1 — (a2n — azn41) < Son—1 (R €N),

then the subsequence (S2,) is monotone increasing and the subsequence (Sa,-1) is
monotone decreasing. Moreover by

Sy < Sop < Sop + agnt1 = Sont1 <51 (ne€N)
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the sequence (S2,,) is bounded above and the sequence (S2,,+1) is bounded below. Thus
both are convergent. Let

A:= lim Sy, and B := lim Sg,_1.

n—oo n—oo

Taking n — oo in the inequality
Sont1 = Son + a2nt1

(using lim ag,4+1 = 0) we have A = B.
n—oo

Since (S2,) and (S2,+1) are complement subsequences, then lim a, = A=B. O
n—oo

6.25. Example

If we add the terms of the hyperharmonic series with alternating signs, we obtain a
convergent series of Leibniz type. More precisely, if p > 0 is fixed, then the alternating
hyperharmonic series

T T T T T

i(—l)”—l 1 1 1 1

n=1

is convergent. Especially (for p = 1) the alternating harmonic series

SV S I N
n 1 2 3 4 7

is convergent.

6.7. Homework

1. Determine the partial sums and the sums of the following series.

oo oo
a2 = D
n=0 n=1

> 1 > 1
2 Zm 4 Z(3n—2)-(3n+1)

n=1 n=1
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2. Determine whether the following series are convergent or not.

a) i n3+3n2—4n4+7 b) i 5n? + 6n + 2
= 10vnd +n3 — 5n? — 6n + 4 3VnS+3—-4n? —n+5
0 i\/n—i- —V/n 0 i\/ﬁ—\/ﬁ
vn n
n=1 n=1
> n2+1 > " n \"
O Yy D 2 ()
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7.1. Absolute and Conditional Convergence

At the end of the previous section (see: Example 6.25) we have seen that the alterna-

[e'e) (71)71—1

ting harmonic series > ~————
n=1

consisting of the absolute values of its terms

>

n=1

is convergent. However, (see Remark 6.10) the series

o0

1
:Zﬁ
n=1

is divergent. Thus the convergence of the series consisting of the absolute values seems
to be a stronger requirement than the common convergence of a series.

(!

o0

7.1. Definition Let a,, € K (n € N). The series > ay is called absolutely convergent,
n=1
if the series of absolute values

)
> laal
n=1

is convergent.

oo

7.2. Theorem Let a, € K (n € N). If the series Y a, is absolutely convergent, then
n=1

it 18 convergent.

oo

Proof. Since Y |ay| is convergent, then by the Cauchy criterion (see Theorem 6.11)
n=1

we have

Ve>03aINeNVm>n>N: |ap|+|ant1|+- .- Flam| = | |an|+|ans1]+ - - Ham| | <e.
Using the first triangle inequality,

|an + ant1 + oo +am| < lan| + |lansi| + -0 + |am],
thus we obtain that

Ve>03INeNVm>n>N: l|ap+apnt1+ ... +ap| <ce.

o0
Consequently — once more using the Cauchy criterion — the series ) a,, is convergent.

n=1
U
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7.3. Remark. The converse statement is not true as we have seen at the beginning of

= (-1
the section via the counterexample > ~————.
n=1

7.4. Definition A numerical series is called conditionally convergent if it is convergent,
but not absolutely convergent.

7.5. Example
o (1)t

The alternating hyperharmonic series » is absolutely convergent if p > 1,

n=1 np
and it is conditionally convergent if 0 < p < 1.

7.6. Remark. If a real number series does not contain infinitely many positive and
infinitely many negative terms, then it is convergent if and only if it is absolutely
convergent. In this case the convergence and the absolute convergence are equivalent.

It is natural that a finite sum can be rearranged arbitrarily without changing the
result of the addition. Now we present two theorems about the rearrangement of the
infinite sums.

[e.@]
7.7. Theorem Let a, € K (n € N), and p: N — N be a bijection. If the series Y an
n=1
1s absolutely convergent, then the series

Z p(i)
i=1

1s absolutely convergent.

o0 oo
The series ) ap; is called a rearrangement of ) ap.
i=1 n=1

oo
Proof. Since the absolutely convergence the quantity K := »_ |a,| is finite. Further-
n=1
more, for any n € N let
M = M(n) := max{p(1), p(2), ..., p(n)}.

Then
{p(1), p(2), ..., p(n)} €{1,2,..., M},

therefore

n M
Slawl <Y lal <K (neN).
k=1

=1

n
Thus the partial sum sequence <Z ]ap(i) ]) is bounded above, the proof is complete. [
i=1
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(o]
7.8. Theorem Let a, € K (n € N), and p: N — N be a bijection. If the series Y an

is absolutely convergent, then
o0 o
D) = D an-
=1 n=1

(The absolute convergence of the rearranged series was proved in the previous theo-

rem. )

o0
Proof. Let A:= ) ap;). Furthermore, for any n € N let
i=1

N = N(n) := max{p~'(1), p~(2), ..., p~'(n)},
M = M(n) := max{p(1), p(2), ..., p(N)},
N n
R, = Zap(i) — Zak.
i=1 k=1
Then n < N < M, and

{1,2,...,n} C{p(1), p(2), ..., p(N)} C{1, 2, ..., M},

therefore — using Theorem 2.11 — we have

n N n
|Bal = | D apiy = Y a| <Y lappl =D lal <
i=1 k=1 i=1 k=1
M n M
< larl =D lakl= D axl.
k=1 k=1 k=n+1
o0
Since the series > a,, is absolutely convergent, then — using Theorem 6.12 — we have
n=1

M M(n)
Jm, D oul = lim, D ol =0.

k=n+1 k=n+1
Consequently lim R, = 0.
n—oo
Therefore
n N
Zak—z%(l) R,—A-0=A (n — o00)
k=1 =1
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7.2. The Root Test and the Ratio Test

7.9. Theorem [Root Test/
Let a,, € K (n € N) and suppose that the limit

L:= lim {/|a,| €0, +o]

n—oo

exists. Then

[e.°]
a) If L < 1, then the series Y a, is absolutely convergent

n=1

o0
b) If L > 1, then the series ) a, is divergent. Moreover, lim |a,| = +oo.
n=1 n—oo

Proof.
a) Suppose that L < 1. Let ¢ € R, 0 < L < ¢ < 1. Then ¢ — L > 0, therefore
ANeENVA>N: L—(¢—L)< ¥|an| <L+ (q—1L).
The right side inequality implies that
0 < Ylan| <q (n>N).
Taking the n-th power we obtain

lan| < g¢"  (n>N).

o0
By 0 < ¢ < 1 the geometric series Y, ¢" is convergent, then by the majorant
n=N

o
criterion the series »_ |ay| is also convergent.
n=1

b) Suppose that L > 1. Let ¢ € R, 1 < ¢ < L. Then L — g > 0, therefore
INeNVA>N: L—(L—q)< ¥|an| <L+ (L—q).
The left side inequality implies that
Vlan|>q¢  (n>N).
Taking the n-th power we obtain
0 <lan| > q" (n>N).

This inequality shows us that (a,) cannot be a zero sequence, consequently — by
oo

the zero sequence test — the series Y ay, is divergent. Moreover, lim |a,| = +o0.
n=1 n—oo
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7.10. Remarks.

1. The theorem does not say anything about the case L = 1. This is the indetermi-
nate case. In this case anything can happen. For example, at each of the following
sequences L = 1, but

oo

a) Y, — is absolutely convergent
n=1M

oo (_1\n—1

~———— is conditionally convergent
n=1 n

o0

1
c) Y, — is divergent, the terms tend to 0.
n=1"7

o0

d) > 1 is divergent, the terms do not tend to 0, the terms form a bounded
=1
sequence

o0
e) Y. mis divergent, the terms do not tend to 0, the terms form an unbounded
=1
sequence

2. The essentiality of the proof of the theorem was the application of the Direct
Comparison Test with a geometric series. Thus it turns out from the proof of
the root test that it works (i.e. L # 1) in those cases when the sequence of the
absolute values of the terms (|ay,|)

e either tends to 0 faster than a geometric sequence with some 0 < g < 1,
e or tends to oo faster than a geometric sequence with some g > 1.

In all other cases the root test is inactive, that is it finishes in the indeterminate
case L = 1.

3. If the statement in part b) is only the divergency of the series, then the proof is
simpler if you start with L — 1 > 0 instead of L — ¢ > 0.

We remark that the root test can be extended to the case when lim {/|a,| does
n—oo
not exist.

7.11. Theorem [Ratio Test]
Let a,, € K\ {0} (n € N) and suppose that the limit

an+1
Gn

L := lim

n—oo

€ [0, +o0]

exists. Then
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o0
a) If L < 1, then the series Y a, is absolutely convergent

n=1

o0
b) If L > 1, then the series ) ap is divergent. Moreover, lim |a,| = +oo.
n=1 n—oo

Proof.

a) Suppose that L < 1. Let ¢ € R, 0 < L < ¢ < 1. Then ¢ — L > 0, therefore

an+1

ANeNVn>N: L—-(¢—L)< <L+(g—-1L).

Gn

The right side inequality implies that

Ap+1
an

0< <q (n=N,N+1,N+2, ...).

Let us fix a natural number & > N + 1, and write the above inequalities for
n=N,N+1..., k—1. Then multiply these K — N inequalities with each other.
We obtain that

aN+1 aAN+2 aN+3 ag
an aN+1 AN+2 Ak—1 —_—
k—N
that is
AGN+1°AN42 " AN43 " - - " Af < qk_N
AN " aAN+1 " aAN42 " .. Q-1

Hence — after simplifications — we have

ag

k
a4
anN NV

q

that is

a
|ak|<|q]]\\;|'qk (k>N+1).

By 0 < ¢ < 1 the series
lan]| lan]|
Nl & N k
§ :T 4 TN ’ § :q
=1 4 k=1

o0
is convergent, then by the majorant criterion the series ) |ay| is also convergent.
n=1

b) Suppose that L > 1. Let ¢ € R, 1 < ¢ < L. Then L — g > 0, therefore

an+1

ANeNVR>N: L—(L—q)< <L+ (L—q).

Gnp
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The left side inequality implies that

Intll s g (=N, N+1,N+2 ..).

Gn

As in part a), let us fix a natural number & > N + 1, and write the above
inequalities forn =N, N+ 1 ..., k— 1. Then multiply these £k — N inequalities
with each other. We obtain that

aN+1 aN+2 aN+3 ag
anN aN+1 aN+2 a1 ——
k—N
that is
AN+1 " AN+2 " AN43 - ... " Ak > qka
aN " AN+1 " AN42 " -+ Q-1
Hence — after simplifications — we have
k
Sk 4
)
an qN

that is | ‘
an
lag| > q—N-qk (k> N).

This inequality shows us that (a,) cannot be a zero sequence, consequently — by

oo
the zero sequence test — the series > a,, is divergent. Moreover, lim |a,| = +oc.
n=1 n—oo

O

7.12. Remark.

Writing ,,ratio test” instead of ,root test”, then all the statements in Remarks 7.10 are
true.

an+1
Qan

does not exist.

The ratio test can be extended to the case when lim
n—oo

7.13. Remarks.

1. It was no coincidence that in the Root Test and in the Ratio Test we have used
the same L. Later we will prove (see Corollary 8.12) that if both the limits

An+1
Qp,

Ly := lim {/|a,] and Lg:= lim

n—oo n—oo

exist, then L1 = Ls.
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3. It can be proved that if lim

Let (a,) be the following sequence:
-1 =1, agp 1= 2 (neN).

Then

Yl = #VI=1—1 (1 o0),

QMZ N2 = T\L/ﬁ—>1 (n — 00).

S tly i \ =1. Th t test is inacti
Consequently Jim Y an] e root test is inactive

On the other hand,

a2, 2
=-=2-—2 (n—o00),
a2n—1 1 ( )
a2n+1 1
=-—=1—1 (n—00).
aon 2
An+1

Consequently lim ‘ does not exist.
n—oo

an

Using the previous sequence (ay,) let

bn::g—z and ¢, :=2"-a, (neN).

Then

Y 1
lim /[bn] = lim Yo" = = <1,
n—o00 n—oo 2 2

o0

2. We can give simple examples for that case when L; exists but Ly does not exist.

thus the root test is active, it shows that the series > by, is convergent.

n=1

On the other hand
lim {/|cy| = lim 2- a, =2>1,
n—oo n—oo

(o]

thus the root test is active, it shows that the series ) ¢, is divergent.

n=1

Cn+1
Cn

and lim do not exist.

n—oo

However, the limits lim
n—oo

‘bn+1

n

an+1
an,

n—oo

exists, then lim {/|a,| also exists.
n—oo
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7.3. Product of Series

n m
If we want to multiply two finite sums ) a; and ) bj, then — using the distributive
i=1 j=1
law of numbers several times — we multiply every term by every term and then we add
these partial products, whose number is mn. In formula:

n m n m
(3] (3o0) = 33

i=1 j=1 i=1 j=1
The result is independent of the order and grouping of the partial products at the
addition on the right-hand side.

o0 o0
If we want to multiply two infinite sums ) a; and ) b;, then the first step — in
i=0 §j=0
which we multiply every term by every term — results in the following ,,infinite by infi-
nite” matrix

apby  apb1  apbz  apbs

atbg aib1  aiba  aibs3

agbo a2b1 GQbQ Gng (71)

agbo a3b1 ang a3b3

The ij-th entry of this matrix is equal to a;b; where i, j € NU {0}.

The problem is that the entries of this matrix form a double sequence (or: two-fold
sequence), and we did not learn about the addition of the terms of such sequences. The
result may depend on the order and grouping of the entries at the addition.

Unless investigating the theory of double sequences and series and their consequen-
ces for the product of series, we will discuss only a special but important way of addition
of partial products in the above matrix.

7.14. Definition Let a,, b, € K (n € NU{0}). Then the series

[ee]

> 2. b

n=0 4,;eNU{0}

i+j=n
o0 o0
is called the Cauchy product of the series ) a; and ) b;.
i=0 7=0
The above formula often is written shortly as

i Z a;bj .

n=0 i+j=n
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7.15. Remarks.

1. The n-th term of the Cauchy product is
Cp 1= Z azb aobn, + a1bp—1 + asbp—2 4+ ... +ap—1b1 + anbo,
i+j=n
which is the sum of the ,n-th diagonal” of the infinite matrix (7.1).

The sequence (¢y,) is called the convolution of the sequences (ay,) and (by,).

2. Another usual form of the n-th term of the Cauchy product is as follows:

3. The n-th partial sum .S, of the Cauchy product

Y-y ¥ w,

k=0 i+j=Fk
can be rewritten in the following useful form:

n n—i

Sn = Z Zaibj

i=0 j=0

The equality of the two forms follows immediately from the equality of the sum-
mation index sets. Both the index sets sum up the elements of the left upper
triangle with vertices apbg, agbn, anby in the infinite matrix (7.1). The left-hand
side index set sums by diagonals, the right-hand one sums by rows.

About the convergence of the Cauchy product we present the following two theo-
rems. Their proofs use similar idea as Theorem 7.7 and Theorem 7.8.

7.16. Theorem Let a,, b, € K (n € NU {0}). If the series Z an and Z b, are
n=0
absolutely convergent, then their Cauchy product is absolutely convergent

Proof. By the absolutely convergence, the quantities

P = ZO |an] and Q= ZO |y, |

are finite. If ¢, denotes the n-th term of the Cauchy product, then for any n € N holds

n n—i

Z|ck| Z Zalb <Z Z\am_ZZmle
k=0 | i+j=Fk k=0 i+j=k i=0 j=0
SZZI%!z(ZImI)- S| <rea.
i=0 j=0 i=0 7=0
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This result means that the partial sum sequence

n

Z]ck\ (neN)

k=0

[e.e]
is bounded above, consequently > |¢,| < oo. O
n=0

7.17. Remark. It turns out from the proof, that the absolute convergence of the
Cauchy product is true in the following stronger sense:

Z Z |aib]” < 0.

n=0 i+j=n

[e.@]
7.18. Theorem Let ay, b, € K (n € NU{0}), and suppose that the series ) an and

n=0

0
> by are absolutely convergent. Denote by A and by B their sum:

n=0

A::ian and B::ibn.
n=0 n=0

Then the sum of their Cauchy product equals A - B.
(The absolute convergence of the Cauchy product was proved in the previous theo-
rem. )

Proof. Asin the previous part, .S,, denotes the n-th partial sum of the Cauchy product:

n n—i

Su=>_Y ab; (neNU{0}).

i=0 j=0

We have to prove that lim S, = AB.

n—~oo

Let U, and V,, be the following partial sums

n

U, = Zak and V= Zbk ,
k=0

k=0
and let
R, =U,V, — 5, (ne NU{0}).

If we prove that lim R, = 0, then the proof is complete, because
n—oo

S,=U,V, — R, — AB - 0= AB (n — ).

To prove lim R, = 0 we will show that the complement subsequences (Rag,) and
n—oo

(Ran+1) are zero sequences.
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The proof of lim Rs, = O:
n—oo

2n 2n 2n 2n—1i
| Ron| = | U2y Van, — Son| = E a; | - g bj | — E g aib; | =
=0 7=0 =0 j=0
2n  2n 2n 2n— 2n  2n 2n 2n—1
= E E a;b; — E E a;bj | < E g |laibj| — E § |aibj] .
=0 j=0 =0 j=0 i=0 j=0 =0 j=0

In the last step we applied Theorem 2.11.
Now we decrement the subtrahend in the following way:

2n 2n—1 n 2n—i
IDINIED SO TIES 95 90!
i=0 j=0 i=0 ;=0 =0 j=0

In the last step we used that ¢ < n, consequently 2n — i > 2n —n =n.

Consequently:
2n  2n
| Ron| < )7 lasb |—ZZW’—
=0 7=0 =0 5=0
2n 2n n
S SR TIES S AT NI
it=n+1 j=0 ’LO]O =0 j=0
2n 2n n
3 Y+ Y S el
i=n+1 j=0 i=0 j=n+1
2n 2n n 2n
(3 ) (St (o) 32 ) <
i=n+1 §=0 i=0 j=n+1
2n 2n
<Q- ) a|+P- D> bl
i=n+1 j=n+1

The quantities P and @ are defined in the proof of the previous theorem.

Since the series Z |an| and Z |b,| are convergent, then by Theorem 6.12
n=0 n=0

n n
lim E la;l =0  and lim g bj] =0,
n—00 n—00
i=n+1 j=n+1

therefore (Ra,,) is really a zero sequence.
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The proof of lim Rg,41 = 0:

This proof is almost the same as in the previous case, only a few modification will
be required.

2n+1 2n+1 2n+1 2n+1—1
| Ront1| = | Uzng1Vont1 — Sony1] = E a; g bj | — g g a;b;j | =
i=0 =0 i=0  j=0
2n+1 2n+1 2n+1 2n+1—1¢ 2n+1 2n+1 2n+1 2n+1—1
= E E E E azb < E E ]alb ‘ E E ]aibj\ .
=0 75=0 j= =0 75=0 1=0 7=0

In the last step we applied Theorem 2.11.
Now we decrement the subtrahend in the following way:

2n+1 2n+1—1 n 2n+1—i
SED SRTTES DD SRTIES 95 SITAE
=0 j=0 =0 ;=0 =0 j=0

In the last step we used that ¢ < n, consequently 2n+1—7>2n+1—n=n+1>n.
Consequently:

2n+1 2n+1 n n
IS S5 SR 3D T
=0 7=0 =0 7=0
2n+1 2n+1 n 2n+1
DN SN SN
i=n+1 j=0 =0 j=0 1=0 5=0
2n+1 2n+1 n  2n+1

= Z Z ]aibj|+z Z |aibj| =

i=n+1 j=0 i=0 j=n+1

2n+1 2n+1 n 2n+1
:(zm)- S 1y +(zrai|)- SNE
i=n+1 7=0 1=0 j=n+1
2n+1 2n+1

<Q- Y lal+P- > [bl

1=n-+1 j=n+1

From here follows — using Theorem 6.12 and similar argument as in the previous
case — that (Rgpn+1) is a zero sequence. O
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7.4. Homework

1. Determine whether the following series are convergent or not.

2 i<n;;2>" b) iznn-nn!

n=1 n=1
) i n! i (v/2016)"
¢ T 1 45 2o (@n+ 1)

x 1
2. Determine the Cauchy product of the series > on by itself. Using this result
n=0

compute the sum of the series

2n
n=0
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8.1. Function Series
8.1. Definition Let D # () and f,, : D — K (n € N) be a sequence of functions. The

expression (designated sum)

ftfatfat = fa
n=1

is called a function series. The functions f,, are the terms of the series. The function
sequence

n
So=fitfot ...t fa=>_fr (nEN)
k=1
is called the partial sum sequence of the function series. S, is the n-th partial sum.

8.2. Remarks.

1. If the common domain D is not given, then — by definition — D is the intersection
of the domains of the functions f,.

2. The addition of the functions in (S,,) is defined in the usual pointwise way:
Su(@) == fi(z) + ...+ ful@) =Y _fr(z) (z€D;neN).
k=1

o0
3. The function series Y f, is often written using the symbol of its variable:
n=1

fi(@) + fo(@) + fa(@) - = fule)  (z€D).
n=1

o0

In this sense we can speak about the function series > f,(z) and say that z
n=1
denotes its variable.

4. The starting index is not necessarily 1, it can be any integer. The starting index
is frequently 0.

The convergency of a function series can be defined in a lot of senses. In our subject
we will use what is called pointwise convergence.
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o0
8.3. Definition Let ) f, be a function series and z € D. We say that this function
n=1

series is convergent at the point x if the numerical series

n=1

is convergent. Otherwise we say that the function series is divergent at z.

8.4. Remark. Using the definition of convergence of a numerical series we obtain that
the function series is convergent at x if and only if the numerical sequence (S, (z) n € N)
is convergent.

o]

8.5. Definition Let ) f,, be a function series. The set S of all € D at which the
n=1

function series is convergent is called its convergence set. In formula:

(o)
S = {x €D | an is convergent at x } =

n=1
oo

= {ac €D | an(:v) is convergent } CD.
n=1

The function

fiS=K, f@):=) falx) (z€8)
n=1

is called the sum function (or simply the sum) of the function series.
If ) £ T C S, then we say that the function series is pointwise convergent on 7. In
this case the function fi7 is called the sum function of the function series on T

8.6. Example
Let
fa  R=R, folz):=1, folzx):=2" (reR; neN).

Then for any fixed x € R the number sequence
oo o0
> ful@) =) a"
n=0 n=0

o0
is a geometric series. Consequently, the convergence set of the function series > z™ is
n=0

S={zeK | |z| <1} =DB(0,1).

The sum function is

fla)y=>) a"= (x € S=DB(0,1)).
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8.2. Power Series

8.7. Definition Let a, € K (n € NU{0}) be a number sequence and let zp € K. The
series

[e.@]

Zan~(aﬁ—azg)”:ao+a1-(a:—afo)+a2-(x—xo)2+...

n=0
is called a power series. The numbers a,, are the coefficients, the number x is the centre
of the power series. The symbol x is the variable of the power series.

8.8. Examples

oo
1. > 2™ Here g =0, a,, = 1.

n=0

n

X
2. Y —.Herexy=0,a, =—.
n=0 n‘ 7’L'

x—5)" 1
( ).Herex0:5,an:n.2n.

3. %

n=0 T - 2n

Now we will investigate the convergence set of a power series. Obviously, the power
series is absolutely convergent at x = g and its sum is equal to ag, because in this case
the sum contains only one term: ag.

o0
8.9. Theorem Let Y a,-(xz—x0)" be a power series and denote by S its convergence

n=0
set. Suppose that the following limit exists:

L:= lim {/|ay| € [0, +o0].

n—oo

Then

a) If L = 0, then the power series is absolutely convergent for any x € K. Thus
S =K.

b) If L = +o0, then the power series is

— absolutely convergent at x = xg,

— divergent at any x # xg.
Thus S = {zo}.
c) If 0 < L < +o0, then the power series is

1
— absolutely convergent at any x € K for which holds |z — xo| < I

1
— divergent at any x € K for which holds |x — x¢| > I

Thus B(xo, 1) C S C B(wo, 1)-
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Proof. We have remarked that the power series is absolutely convergent at x = zg,
thus xo € S. Suppose that = € K\ {zo} and apply the Root Test for the numerical

series
[e.0]
Zan (x—x0)" .
n=0

First we compute the limit of the n-th roots:

lim {/|an(x — 20)?| = lUm {/|ay|- |z — xo|® = lim |z — xo| - V/|an| =
n—oo n—oo

n—oo

= |z —xo|- lim /|ap| = |z —x0|- L.
n—oo
Then we can discuss the cases of the theorem:

a) Suppose that L = 0. Then
|t — x| - L=]z—x09/-0=0<1,

therefore by the Root Test the power series is absolutely convergent at . This
implies the statement of part a).

b) Suppose that L = 4+o00. Then (here it is important that = # xg)
|x — x0| - L = |z — x¢] - (+00) = 400 > 1,

therefore by the Root Test the power series is divergent at x. This implies the
statement of part b).

¢) Suppose that 0 < L < 4+00. Then

1
|t —x0| - L<1 <= a:—x0|<f.

This implies the statement of part c).
O

The convergence set of the power series can be investigated with the ratio test too.
The following theorem can be proved — using the ratio test — as in the case of Theorem
8.9, therefore the proof will be omitted.

o0
8.10. Theorem Let ) a, - (z — xo)" be a power series with coefficients
n=0
an # 0 (n € NU{0}), and denote by S its convergence set. Suppose that the following
limit exists:
An+1

an,

L:= lim

n—oo

€ [0, 400] .

Then

a) If L = 0, then the power series is absolutely convergent for any x € K. Thus
S =K.
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b) If L = +oo, then the power series is

— absolutely convergent at x = xg,

— divergent at any x # xg.
Thus S = {zp}.

c) If 0 < L < +o0, then the power series is

1

— absolutely convergent at any x € K for which holds |z — xo| < I

1
— divergent at any x € K for which holds |z — x¢| > I

Thus B(zo, 1) C S C B(zo, 1)-

8.11. Remark. It was no coincidence that in Theorem 8.9 and in Theorem 8.10 we
have used the same L.

Suppose for a while that L, stands instead of L in Theorem 8.9 and that Lo stands
instead of L in Theorem 8.10. Suppose that Ly # Lo, say L1 < Lo, that is:

0<Li< Ly <+40.

Taking reciprocals we have:

0<1<1<+
— < — 00 .
STy I

1 1
Here we agree that — = 400 and — = 0.
0 +00

1 1

Then taking an =z € K with 7. < |z — x| < T e obtain that the power series
2

is convergent and divergent at x at the same time. This is a contradiction. Therefore

Ly = Lo.
8.12. Corollary. If a, € K\ {0} (n € NU{0}) is a number sequence, and the limits

an+1
Qp

Ly := lim {/|a,| and Lg:= lim

n—oo n—oo

exist, then L1 = Ls.

8.13. Definition Using the foregoing notations, suppose that the limit L exists. Then
the radius of convergence is defined as follows:

4o if L =0,

1
7 if 0<L<+00.
1. . . 1 1
Shortly, R = — if we agree that in this formula - = +00 and — = 0.
L 0 +o0
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8.14. Remarks.

1. Using the radius of convergence, we can shortly say that that the power series is
absolutely convergent if x € B(zg, R) and is divergent if = ¢ B(zo, R).

2. Theorem 8.9, Theorem 8.10 and the concept of radius of convergence can be
generalized for the case when the limit L does not exist.

3. Suppose that for the radius of convergence R holds 0 < R < 4o00.

If + € K and |z — 9| = R, then nothing can be stated generally about the
convergence at x (indeterminate case). For example, in the case K = R, at each
of the following power series R = 1, but
o0
a) > x™is divergent at x = 1 and at z = —1.
n=1
[e'e] .%'n
b) >  — is divergent at x = 1 and is conditionally convergent at z = —1.
n=1
o0 n

c) > :% is absolutely convergent at + =1 and at z = —1.
n=1"N

In the practice the most important power series are which have positive radius of
convergence.

o0
8.15. Definition Let > a, - (x — x¢)™ be a power series. Suppose that the radius of

n=0
convergence is positive, that is R > 0. Then the function
o0
[ B(zo,R) — K, f(z) ::Zan-(m—xo)"
n=0

is called the sum function of the power series.

8.16. Remark. The sum function of a power series is not exactly the same as the sum
function of a function series, because the power series can converge at some points that
are not in B(xg, R). For power series we will use the concept of sum function as written
in the above definition.

8.3. Analytical Functions

8.17. Definition Suppose that the radius of convergence of a power series is positive.
Then its sum function is called an analytical function.

8.18. Examples

1. The constant function f(z) = ¢ (z € K) (where ¢ € K is fixed) is analytical on
K, since

f(z) =c+0x + 022 + 0% + ... (x € K), R = +o00.
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2. Every polynomial
flz)=ap+ar1z+ ... + apz” (x € K)

is analytical on K, since

f(@) = aptarz+ ... +apz"+0x" T 402" 24 (z € K), R =+c0.
1
3. The function f(x) := 1T (x € B(0,1)) is analytical on B(0,1), because it is
—x
o0
the sum function of the power series ) z", and the radius of convergence of this
n=0

power series is R =1 > 0.

In what follows, we will prove an important inequality about the analytical functi-
ons. It will be basically important at the limits of analytical functions
(see: Theorem 13.3). We begin with an auxiliary theorem.

8.19. Theorem [Auziliary Theorem]
Let an, € K (n € NU{0}) be a number sequence and let zog € K. Then the radii of
convergence of the power series

ian (x—x0)" and in-an (z—x0)"
n=0

n=1

are equal.

Proof. For simplicity we will prove the theorem only in the case when lim {/|ay|
n—oo

An+1

exists or when lim exists.

n—oo

Qn
Denote by R the radius of convergence of the power series

0
Zan : (l’ - xO)n
n=0

and by R’ the radius of convergence of the power series

o
Zn-an~(aﬁ—xo)”.
n=0

In the case when lim {/|a,| exists, we have
n—oo

1 1 1 1
R/: = . :*R:R
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.. . . Gp41 .
Similarly, in the case when lim nt exists, we have
n—oo a/’fL
1 1 1 1
R = = “.R=R
lim |(tLanty lim “= g5y | @nt 1
n—00 nan n—oo n—oo | 4n

O
After this preliminary we can state and prove the promised important inequality.

8.20. Theorem Let f € K — K be an analytical function defined by the power series

o0
f(z) ::Zarf(xfxo)" (x € B(zo, R)),
n=0
where the centre xg and the coefficients ay, lie in K. Let R > 0 denote its radius of
convergence. Then

VreR, 0<r<R3IM>0Va,ye€ B(zxo,r): |flx)—fy)|<M-|z—1y.

Proof. For the sake of brevity let h := z —zg and k :=y — x9. Then h —k =z — y,
and we have

F@) = fly) =) an-(x—20)" =) an-(y —w0)"
n=0 n=0

<a0+ian-h”> — (ao—l—ian . k:”)
n=1 n=1

S
n=1

B = an- (h—k) A"+ 0" Pk +

LR =
n=1
[e%e) n—1 ) )
Sl DL D
n=1 i=0
Since
|h‘:|$—$0’<7‘ and |k‘|=|y—l‘0‘ <T7
then
WP = R R < = (=0, .., n— 1)
Therefore

00 n—1 o n—1
| f(x) = fy)l =z -yl Zan : Zh”_l_zk" <lx—yl- Z |an| - Z |An il <
n=1 =0 n

=1 =0

00 n—1 00
<l =yl > anl - D> =l —yl- > lag| -0
n=1 =0 n=1

1 & -
=le =yl =Y laal-n-r" = e =yl = nagr”]
r n=1 r n=1
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If we prove that the number series

o
Z nanr" (8.1)
n=1

is absolutely convergent, then we are ready, because the searched constant M in the

statement will be:
1 [oe)
M = ; . Zl ‘nanrn’ .
n:

To prove that (8.1) is absolutely convergent let us take the number xg + r € K. Since
|(zo+7r) —x0| =|r| =7 <R,

and using the Auxiliary Theorem, we obtain that the power series

[e.e]
Zn'an (z —x0)"
n=0

is absolutely convergent at @ = xg + r. Thus the series

oo (o]
Zn an ((:co+r)—xg)"—2n an - 7"
n=0 n=0
is absolutely convergent. The proof is complete. O

8.4. Homework

1. Determine the radius of convergence of the following power series. If it is positive,
then give the domain of the corresponding analytical function.

0) Z%-x" b) Zn%gn-(x—z)n
n=1 n=1
- 1\" — 3" 4 (—2)"

c) l+—) -(@+3)"  d — @+ )"
;_:1< n) 7;) n+1

2. Expand the following functions into power series around the centre xzg = 0, then
around the centre xg = 2

W J@=1— b @)=
) f@ = ) @)=y
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9.1. Five Important Analytical Functions

In this section we will define five important analytical functions as the sum functions
of everywhere absolutely convergent power series. First we give the definitions, after it
we will state and partially prove the everywhere absolute convergence.

9.1. Definition Let us define the following functions.

a) The function exp : K — K,

r 2?2 a3 > "
exp(.%')::1+ﬁ+a—l—§+...:zﬁ (z € K)
n=0
is called the exponential function.
b) The function sin : K — K,
' R . 00 _ gl
8111(3;)::1:—3!—#5!—7!—1—...:712::0(—1) RerEmy (x € K)
is called the sine (or: sinus) function.
c¢) The function cos : K — K,
R R ¢ 00 oo
cos(ac)::l—Q!—i-Z“—6!4—...:7;)(—1) on) (z € K)
is called the cosine (or: cosinus) function.
d) The function sinh : K — K,
‘ O T B 0 2+l
is called the hyperbolic sine (or: sinus hiperbolicus) function.
e) The function cosh : K — K,
R R 0 20
cosh($)::1—{—2!+4!—|—6!—|—...:T;)(2n)! (x € K)

is called the hyperbolic cosine (or: cosinus hiperbolicus) function.
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The sin and the cos functions are called trigonometric, the sinh and the cosh func-
tions are called hyperbolic functions respectively.

9.2. Theorem All the five power series in the above definition are absolutely conver-
gent at any x € K. Thus their radii of convergence are equal to +00.

Proof.

a) We investigate the convergence of the power series in part a) immediately with
the Ratio Test. If z = 0, then the series is absolutely convergent. If z € K\ {0},
then we write the quotient of the consecutive terms:

xn+1

(n+1)!
xTL
n!

:L,n-i-l n!

(n+1)! a»

:n+1—>0 (n — o00).

Since 0 < 1, then the series is absolutely convergent.

b) In part b) also the Ratio Test will be applied. If z = 0, then the series is absolutely
convergent. If x € K\ {0}, then the quotient of the consecutive terms is

p?nt3 (2n+1)! ||

Gnv3) O | = @t yenty 0 T

Since 0 < 1, then the series is absolutely convergent.

(_1)n+1 .

The parts ¢), d), e) can be proved similarly.

9.3. Remarks.
1. It is obvious that if € R, then exp(z) € R, sin(x) € R, cos(x) € R, sinh(z) € R,

cosh(z) € R. Thus the definitions of the five analytical functions is correct.

2. Using limits of functions it can be proved that the above defined real exponential
function exp : R — R is identical with the exponential function x — e® defined
in secondary school.

3. Using integral calculus it can be proved that the above defined real trigonometric
functions sin : R — R and cos : R — R are identical with the trigonometric
functions x +— sinx, x — cosx defined in secondary school.

9.4. Theorem [The Simplest Properties of the Above defined Five Analytical Functi-
ons/

a) exp0 =1, sin0 =0, cos0 =1, sinh0 =0, cosh0 =1
b) For any x € K hold:
sin(—xz) = —sin(x) cos(—x) = cos(x)

sinh(—x) = —sinh(z) cosh(—x) = cosh(z)

Part b) means that sin and sinh are odd functions, cos and cosh are even functions.
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Proof. a) In all the five cases we have computed the function values at the centre.
In this case the power series is a one-term-sum, the single term is the first term of the

series.
b)

. > (—z)2ntl & (—1)2nHlg2n+1

— e _1 n  c—_— = —1 n T =
sin(—2) HZ:O( G ) HZ:O( ) 2n+1)!
x2n+l 0 x2n+l
= D (=1) —/——— — . g ]
The remainder equalities can be proved similarly. O

9.5. Theorem Let ¢ denote the imaginary unit in C. Then for any x € K holds

a)

exp(z) = cosh(z) + sinh(z) (9.1)
b)
exp(iz) = cos(z) + i - sin(z) (Euler’s identity) (9.2)
Proof.
a)
2n+1

expx = Z m = cosh(z) + sinh(z).

n & ( )2n+1

i)' _ g5 (i <
nl &)l T & @n )l

2n 2n 0 2n+1 2n+1 oo (22)n$2n oo i(i2)n$2n+l
+Z 2n+ 1) _Z(%ﬂ+z(%ﬂﬁ_
n=0 n=0
2n+1

2n—|—1)

exp (ix)

MS I M8

i~
Z =cosT +i-sinw (x € K).

n=0

O

9.6. Corollary. a) Apply (9.1) for :
exp(x) = cosh(x) + sinh(z),
and for —z:

exp(—z) = cosh(—x) + sinh(—z) = cosh(x) — sinh(z) .
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After addition and subtraction of these equalities we obtain:
exp(z) + exp(—z) = 2 - cosh(z) and exp(z) — exp(—z) = 2-sinh(x).
Thus we have proved

expz + exp (—x) and  sinh o — SPT —exp (—x)
2 2

(x € K).

coshx =
b) Apply (9.2) for z:
exp(iz) = cos(z) + i - sin(z) ,
and for —z:
exp(—iz) = cos(—x) + i - sin(—x) = cos(z) — i - sin(z) .

After addition and subtraction of these equalities we obtain:

exp(iz) + exp(—ix) = 2-cos(x) and exp(ix) — exp(—ix) = 2i - sin(x) .
Thus we have proved

cos g — P (ixz) + exp (—ix) and  sing = &P (ix) — exp (—ix)

2 21

(x € K).

9.7. Theorem [Addition Formula of the Exponential Function]
For any x,y € K holds

exp (z +y) = (expz) - (expy).

Proof. Apply the Cauchy product for the absolutely convergent power series of exp x
and expy, then use the Binomial Theorem:

0 n 00 o nok n—k
eXpT - expy = (ZZ;) < i:) :ZZ%'(T?—/{)! N

n=0 n=0 n=0 k=0
— . . LR . . .=k _
=2 Zk!-(n—k)! =) (k) Ty =
n=0"" k=0 n=0"" k=0
o0 o
1 n (z+y)"
:Za'(w‘f‘y) :ZTZGXP(Q?‘HJ)-
n=0 n=0

9.8. Corollary. Apply the Addition Formula for y = —x where 2 € K. Then we obtain
a formula for exp(—zx):

l1=exp0=-exp(z+ (—z)) = (expz) - (exp (—z)),

whence

1
exp (—x) = xpz (x € K).

The above equations imply that Vo € K: expx # 0, that is 0 ¢ Rexp.
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9.9. Theorem [Addition Formulas of cos sin cosh sinh/
For any z,y € K holds

a) cos(x +y) = (cosx)(cosy) — (sinx)(siny)
b) sin(x + y) = (sinz)(cosy) + (cosz)(siny)
¢) cosh (x + y) = (cosh z)(coshy) + (sinh z)(sinh y)

d) sinh (x 4+ y) = (sinh z)(coshy) + (cosh x)(sinh y)

Proof. We will prove part a). First we express cos with exp (Euler’s Formula), then
we apply the Addition Formula of exp. Finally, with the help of Euler’s Formula we get
back to sin and cos.

exp(i(z +y)) + exp(—i(z +y)) _ exp(ix + iy) + exp((—iz) + (—iy))

cos(z +y) = 5 5 =
_ (explia) - (exp(iy) + (exp(—ia)) - (exp(—iy)) _
2
_ (cosz +isinz)(cosy + isiny) + (cosx — isinz)(cosy — isiny)
5 :

Hence — completing the operations in the numerator — we obtain that the above fraction
is equal to

2(cos x)(cosy) — 2(sinx)(siny)
2

= (coszx)(cosy) — (sinx)(siny) .

The proof of the other parts of the theorem is similar. O

9.10. Corollary. 1. If we apply the Addition Formulas in the previous theorem for
y = x, then we obtain:

2 2

cos(2z) = cos® x — sin” x
sin(2z) = 2sinx cos
cosh(2x) = cosh? z + sinh?

sinh(2z) = 2sinh x coshz

2. If we apply the Addition Formulas of cos and cosh in the previous theorem for
y = —x, then we obtain:

1=cos’z+sin’z

1 = cosh?z — sinh? x
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9.2. The Exponential Function and the Powers of e

We recall that the definition of e is

9.11. Theorem
expl =e.

Proof. By the definition of the exponential function

=1
explzza.

n=0

Denote by 5, the partial sums of this series:

"1
=0

Using the Binomial Theorem, let us see the following transformations for n € N, n > 2:

(o2 B0 () - £ &

k=0

_1+1+2n:n-(n—l)...].{'-(n—(k—l))_nlk_
k=2
(9.3)
:14_1_}_2% n(n_lgn(n;(k_l)):
k=2 """
. 1 k—1
_1+1+§k!'<1_n>'“"<1_ = )

k—1 times

Since the factors in the parentheses are less than 1, we obtain the following estima-
tion:

1\" 1 — 1
<1+n) <1+1+;k!'1'1'-~-'1:zk!:5n (TLZQ)

Taking n — oo we have:

1 n
e= lim <1—|—> < lim S, =expl.
n n—oo

n—oo
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Thus we have proved that e < exp 1.

To prove the reverse inequality, let us fix a natural number m € N, m > 2 and
write the identity (9.3) for n > m:

1\" "1 1 E—1
1+) :1+1+§ -(1—)-...-(1— )
|
( n k:2k. n n

Then let us omit the terms with indices k = m—+1, ..., n from the right-hand sum.
Thus the sum will be decreased.

1\" T 1 E—1
1+ = 1+1 —(1==).... (1= > 92).
<+n> > 1+ +;k! ( n) ( - > (n>m>2)

Since the number of terms in the sum is independent of n, then we can take the
limit n — oo by terms:

Thus we have for arbitrary m € N m > 2 that

e> S, .
Taking the limit m — oo we obtain

e>expl.

9.12. Theorem For any rational number r € Q holds

expr =¢".
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Proof. First let p, ¢ € N be positive integers. Applying two times the Addition Formula
of exp we have

(exp @)q_ (expz;) o (expg) — exp (§+ +§> _

q times
_ py _ _ _
—exp<q'q> =expp=exp(l+1+ ..., +1)=
—_— —
p times
=(expl)- ... -(expl)=¢-e-...e=¢€",
p times p times

whence after extraction of a ¢-th root we obtain

(5) -
exp| =) =eq.
q

Thus the theorem is proved for » € Q, r > 0. The case of negative rational numbers
can be easily traced back to the proved case. Indeed, for any r < 0 holds:

1 1

expr = exp(—(—r)) = (1) = =e

T

We have used here that —r > 0 if » < 0.
Finally, the statement is trivial for » = 0, because

exp0=1=¢e".
O

9.13. Remark. It can be shown — using the limits of functions — that the equality
expx = e” is valid for any = € R too.

9.3. The Irrational e

In the previous section (see Theorem 9.11) we have proved that

[e.9]

1
2526.

n=0
First we prove an estimation for the speed of convergence of the above expansion.

9.14. Theorem Denote by S, the partial sums of the above series, that s

"1
k=0

Then for any n € N holds
1

0<e—5, < .
n-n!




102 9. Lesson 9

Proof. S, can be regarded as an infinite series for any fixed n :

1
Sn:ZE:Zak, where ap = )
B0 R0 0 if k>n
Hence we have
s= g yw=d ()= Y g
k=0 k=0 k=0 k=n+1

Thus e — S,, > 0. On the other hand, we can write that:

1 1 1 1
0<6_Sn_kzn;1k!_ (n+1)!+(n+2)!+(n+3)!+”'—

:1'( 1 + 1 + L +...><
nl \n+1 (m+1)(n+2) n+1)(n+2)(n+3)

SO SR S
nl \n+1 (n+1)2 (n+1)3 /)

geometric series

9.15. Theorem FEuler’s number e is irrational.

Proof. Suppose indirectly that e is rational. Then (using e > 0) there exist the positive

integers p, ¢ € N such that e = E.

q
Apply the previous theorem for n = ¢:

1
0<Z_ Sqg < —-
q q-q:
Multiply these inequalities by ¢!:
1
0<§-q!—5’q-q!<a<1. (9.4)

Since
qgl=p-(¢-1eZ,

ESH S
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and

| | | |
LT, 2, Leg,

Sy ql=q!+
4 20 3l q!

Thus 2 - q'— Sy - q! € Z. However, this is a contradiction with (9.4), because an integer

never can lie in the open interval (0, 1). O

9.16. Remark. It can be proved that the number e is no root of any nonzero polyno-
mial with rational coefficients, that is:

VfeQz]\{0}: f(e) #0.

We say about this property of e that e is a transcendental number.
This fact has a very interesting linear algebraic consequence. We have seen in Linear
Algebra that R is a vector space over the number field Q. Let n € N and let us see the

vector system
2

1, e e, ... e" €R.
If we take a nontrivial linear combination with rational coefficients

)\0-1+/\1‘6+)\2-€2+...)\n-en,

then it can be regarded f(e) where f is the following polynomial in Q[z]:
flz) = Z Ak
k=0

Since e is transcendental, then f(e) # 0. This means that the vector system
1, e €% ... "eR.

is linearly independent.
However, n is arbitrary, consequently R is an infinite dimensional vector space over

Q.

9.4. Homework

1. Prove the addition formulas for the functions sin, cosh, sinh:

a) sin (z + y) = (sinx)(cosy) + (cos z)(siny)
b) cosh (z 4+ y) = (coshx)(coshy) + (sinh z)(sinh y)
¢) sinh (z 4+ y) = (sinhz)(coshy) + (cosh x)(sinhy)

for any x,y € K.
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. Prove for any x,y € R that

exp (z + iy) = (expx) - (cosy + isiny)
where ¢ = v/—1. Using this result prove that

VzeC: expz#0.

Prove for any z,y € R that

a) cos (x + iy) = (cosz)(coshy) — i(sinx)(sinh y)
b) sin (z + iy) = (sinz)(coshy) + i(cos z)(sinh y)

where 7 = /—1.



10. Lesson 10

10.1. Limits of Functions

The limit is the central concept of Mathematical Analysis. It expresses where the func-
tion value tends to if its variable tends to somewhere. In Analysis-1 we will investigate
the limits of functions of type R — R (one variable functions).

Remember the different types of neighbourhoods:

a) The neighbourhoods of a finite number:

B(a,r):={zeR | |z—a|<r}=(a—r,a+r) CR.
b) The neighbourhoods of +o00:
1 1
B(+o00,7) :={x € R | z>;}:(;7+oo)C]R.

¢) The neighbourhoods of —oo:

B(—oo,r) = {z €R | x < —%} — (o0, —%) CR.

10.1. Definition (Accumulation Point and Isolated Point) Let ) # H C R and
a € R. The point a is called an accumulation point of H if
Vr>0: (B(a,r)\{a})NH#0D.
The set of all accumulation points of H is denoted by H’, that is
H':={a € R | ais an accumulation point of H} .
The points of H \ H' are called isolated points.

10.2. Remark. An accumulation point of H can be approximated from H with arbit-
rary accuracy, without using the accumulation point itself. The isolated point cannot
be approximated in such way.

After these preliminaries it follows the definition of the limit:
10.3. Definition Let f €e R - R, a € D}. We say that f has a limit at the point a if
JAERVYe>036>0Vx € (B(a,8)\{a})NDs: f(z) € B(A,e).

As in the case of Theorem 3.11 it can be proved that A in this definition is unique. This
unique A is called the limit of the function f at the point a. The following notations
are used to express this fact:
A=limf, A=lim f(z), f(z)— A(x—a).
a

r—a
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10.4. Remarks.

1. Thus the fact lim f = A can be expressed with neighbourhoods as
Ve>03>0Vx e (B(a,0)\{a})NDs: f(x) e B(4,e).

2. We agree that ,3 lim f = A” contains the information that a is an accumulation
a

point of Dy.

If we want to express lim f = A with inequalities, we have to translate the above
a

formula, using the different types of neighbourhoods. Since we have for a and for A 3-3
independent possibilities, then we have 9 possibilities for expressions of the limit with
inequalities.

1. Limits at finite places

(a) Finite limit at a finite place:

lim f(z) =A <= Ve>03>0VexeDs, 0<|z—a|<d: |[f(x)-Al<e.

r—a
(b) +oo limit at a finite place:

lim f(z) =400 <= VP>030>0Vexe D 0<|z—al|<d: f(z)>P.

r—a
(¢) —oo limit at a finite place:

lim f(z) =—00 <<= VP<036>0VzeDs 0<|z—a|<d: f(z)<P.

r—a
2. Limits at +o00:
(a) Finite limit at +oo:

lim f(z)=A <= Ve>03R>0VxzeDsz>R: |f(x)-A|<e.

r—+00
(b) 400 limit at 4o00:

lim f(r)=+400 <= VP>03R>0VaxeDsz>R: f(x)>P.

T——+00
(¢c) —oo limit at +oo:

lim f(r)=-00 <= VP<O03IR>0VazeDpz>R: flz)<P.

T—+00
3. Limits at —oo:
(a) Finite limit at —oo:

lim f(r)=A <= Ve>03dR<0VzeDsz<R: |f(r)-Al<e.

r——00
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(b) +oo limit at —oo:

lim f(r)=+400 <= VP>03R<0VazeDsz<R: flx)>P.

r——00
(¢c) —oo limit at —oc:

lim f(z)=-00 <= VP<O03IR<0VzeDsz<R: flz)<P.

r——00
10.5. Examples

1. The constant function. Let ¢ € R be fixed and f : R — R, f(z) = ¢. Then for
any a € R holds:

lim f(z) = limc=c.

Indeed, let € > 0 be arbitrary. The any § > 0 will be good, because
Vo e (B(a,0)\{a})NDys: f(z)=ce Blce).

2. The identity of R. Let f : R — R, f(x) := 2. Then for any a € R holds:

lim f(z) = limz =a.
r—a r—a

Indeed, let € > 0 be arbitrary. The ¢ := ¢ will be good, because

Vo e (B(a,0)\{a})NDy: f(z) =2 € B(a,d) = B(a,¢).

10.2. The Transference Principle

The Transference Principle makes a contact between the limit of functions and the limit
of sequences.

10.6. Theorem [Transference Principle/
Let f e R — R, aED} and A € R. Then

lim f(z) =A & Va,€Ds\{a} (neN), limz,=a: limf(z,) =A.

r—a

A sequence (x,) with the properties

xzn € D\ {a} (neN), lim z, =a
n—oo
is called: allowed sequence (more precisely: allowed sequence of f with respect to a).

Proof. Assume first lim f(z) = A.
Let (x,,) be an allowed sequence and let ¢ > 0. Then by lim f(x) = A we have

r—a

36 >0Vax e (B(a,0)\{a})NDs: f(x) € B(A,e).
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Since lim z,, = a, then to § > 0
INeNVn>N: z,€ (B(ad)\{a})NDy.
Combining the two observations we have
AN eN,VYn>N: f(x,) € B(4,¢).
Hence follows that T}Lrgo f(zy) = A.

To prove the opposite direction suppose indirectly that lim f(x) = A is not true.
r—a

Then
de>0,V0>03z e (B(a,0)\{a})NDs: f(x)¢ B(A,e). (10.1)

1
Apply this statement with choosing § := — (n € N). The z according to n will be
n

denoted by x,. Then (z,,) is an allowed sequence, because
1
xzn € Dy\{a}, (neN), andby |z,—a|/<—-—0 (n— o0)
n

holds lim z, = a.

Using the assumption of this direction of the theorem follows that lim f(x,) = A.
n—oo

This is a contradiction, because by (10.1):

f(zn) ¢ B(A,¢) (n € N).

10.3. Operations with Limits

Using the Transference Principle we can easily trace back the problem of operations
with limits of functions into the problem of operations with limits of sequences.
Let us review the algebraic operations with real-valued functions.

10.7. Definition Let f € R — R, g € R — R, and suppose that Dy N Dy # (). Then
frge R =R, D¢y =DsNDy, (f+9)(z) = f(z)+g(zx) the sum of f and ¢

f-geR =R, D;_,=DsNDy, (f—9)(x) = f(x)—g(z) the difference of f and ¢
fgeR =R, D¢y = DN Dy, (fg)(z) = f(z) g(x) the product of f and g
Suppose that D := {z € Dy N Dy | g(x) # 0} # 0. Then

f €R - R, Dy=D i(a:) = @ the quotient of f and g
g

g g g9()
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10.8. Theorem Let us use the notations of the previous definition, and let a € R.
Then

a) ifa € Dy, then lim (f +g) = lim f + lim g;

b) ifa € D}y, then lim (f — g) = lim f — limg;
a a a

¢) ifa € D, then lign (fg) = (lignf) . (liéng);

lim f
d) if a € D'; then lim <g> z

7 - limyg’

i the following sense:

If the limits on the right-hand sides of the above equations exist, and the operations
between them are defined, then the limits on the left-hand sides exist and they are equal
to the expressions on the right-hand sides.

Proof. We will prove only the statement for the addition. The other rules can be
proved similarly.
Let A =1im f and B = lim g. We have to prove that lim (f + g) = A+ B, provided
a a a

A+ B is defined.
Let (z,,) be an allowed sequence of f + g with respect to a. Then

Tn € Drig\{a} (neN), lim z, =a.

n—oo

By Dfyy = Dy N Dy we deduce that (z,,) is an allowed sequence of f and of g respec-
tively. Using the Transference Principle for f and for g we have:

lim f(z,)=A and lim f(z,)=B.

n—oo n—oo

Using Theorem 5.23 about the limits of the sum of sequences we have:
7}1_{go(f + g)(wn) = nlggo(f(xn) +9g(zn) =A+B.

Hence — using once more the Transference Theorem — follows that lim (f+g)(z) = A+B.
r—a
O

10.9. Corollary. Applying the limit of the product in that case when one of the factors
is constant, we obtain that

lim (¢- f(z)) = c¢- lim f(x).

r—a r—a
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10.10. Examples

1. Using the limits of the identity function x — x and part ¢) of the previous theorem
(limit of product) we have for any n € N:

lim 2" =( lim )" = (400)" = +00,
r—+00 r—+00

lim 2" = ( lim_a)" = (~00)" = (=1)" - (+00),

VaeR: limz" = (limz)" =a".
r—a r—a

2. Using the previous result and applying part d) of the previous theorem (limit of
quotient) we have

. 1 1 1

lim — = — = =0,
z—+oo " lim 2™ 400
T—+00
1 1 1
lim — = — = =0
z——o0 " lim z»  (=1)"- (+00)
r——00
3. Let n € N, ag, a1, ..., ap € R, ay # 0. Then the limits of the polynomial

o0
P:R—R, P(x)=apz"+ 12" V4 . ax+ag = Zakmk
k=0

are as follows:

o Ifa € R, then

lim P(z) = lim (an2"™ + an_12" ' 4 ... + a1z +ag) =

Tr—a r—a

= (ana™ + an_1a" '+ ... +ara+ag) = P(a).

e If a = 400 or a = —o0, then let us see the following transformation:
P(2) = apz"+an_12" .. tajztag = x”-(an + fn—1 + ...+ @ 0
xn—1 xn
Hence
lim P(z)=( lim z") (ap+0+ ... +0) =a, - (+0),
T——+00 T——+00
and

lim P(z)=( lim 2") - (ap,+0+ ... +0) =ay-(-1)" - (+00).

T——00 r——00

).
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10.4. Homework

1. Prove by the definition of the limit that

a)

2 =9

1m =
z—1 32 — 3z

x2—|—4:1:—5_

lim

r—2

lim
r—2 ;U3

4

=1
3 —1

r+1

— 422 + 4z -

+oo

11m =
-3 12 — 3x

x2—|—4x—5_
r—1 353—1 a
2— 3z

hmsizz_
z—1x° — 2+
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11.1. One-sided Limits

In many cases the variable x approaches the number ¢ € R only from one direction,
namely

e x — a, but x < a: x approaches a from the left-hand side. This case can be
extended for a = +o00, but it does not give any newness with respect to the
common limit, because +0o can be approached only from the left.

e ©x — a, but x > a: x approaches a from the right-hand side. This case can be
extended for a = —oo, but it does not give any newness with respect to the
common limit, because —oo can be approached only from the right.

In these cases we speak about left-hand limits and right-hand limits respectively.
Their common names are: one-sided limits.

11.1. Definition Let f € R - R, a € R, —0o < a < +00. Suppose that a is an

accumulation point of the set (a, +00)N Dy (we say that a is a right-hand accumulation

point of D). Then the right-hand limit of f at a is denoted by lirf f and it is defined
a

as follows:
lérf [ = h(gn f|(a,+oo)ﬁDf .

11.2. Remarks.

1. In the case a = —oo the right-hand limit is equivalent to the common limit.
Really, since
(—OO, —l—OO) N Df = Df,
then the point —oo is or both right-hand accumulation point and accumulation

point at the same time, or none of them. Furthermore, if it is, then:

lim f=1limf.
(—o0)+ —

2. Some other notations for the right-hand limit:

Jim f(2), lim f(e), f@z)— A (e —at), f@)—A@—az>a).
Tr>a

lmf, lm f(e), f(&)—=A(@—a+0), fla+0).

3. We agree that ,,3 liril f = A” contains the information that a is a right-hand
a

accumulation point of Dy.
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4. Since the right-hand limit is a usual limit of the restricted function, then — with
applicable modifications — the Transference Principle is valid for right-hand limits
too.

5. Using the Transference Principle for right-hand limits, we can prove easily the
connections between the algebraic operations and the right-hand limits.

At a finite place a € R the right-hand limit can be expressed by inequalities as
follows:

1. Finite right-hand limit:

lim f(z)=A <<= Ve>03>0VzeDs,a<z<atd: |f(x)-Al<e.

T—a+
2. 400 right-hand limit:

lim f(z) =400 <= VP>030>0VexecDsf,a<z<atéd: f(x)>P.

r—a+
3. —oo right-hand limit:

lim f(z) =—-00 <= VP<030>0VzeDfa<z<atd: flz)<P.

T—a+

11.3. Examples
1. Let a € R. Then

lim = +4o00.
r—at+ T — Q

1
Really, if P > 0, then § := 2 > (0 will be good in the definition, because

1 1
a<zr<a+d = 0<z—a<d=—= =

> P.
P T —a

2. Let a € R and n € N. Then — applying the previous result and the limit of product
— we have

, 1 . 1" 1 n
lim ———— = lim = lim = (400)" = +00.
z—at (x —a)  z—at \T —a T—at+ T — @

11.4. Definition Let f € R — R, Suppose that

Let fER - R, a €R, —00 < a < +oo. Suppose that a is an accumulation point
of the set (—o0, a) N Dy (we say that a is a left-hand accumulation point of Dy). Then
the left-hand limit of f at a is denoted by l(ilm f and it is defined as follows:

lim f:= lim fj(—co,a)np; -
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11.5. Remarks.

1.

In the case a = +oo the left-hand limit is equivalent to the common limit. Really,
since

(—OO, —l—OO) N Df = Df ,

then the point +o0o is or both left-hand accumulation point and accumulation
point at the same time, or none of them. Furthermore, if it is, then:

li =1 .
S =lim

. Some other notations for the left-hand limit:

Jim f(z), Jimfx) f@)—A(e—a-), f@)—A(r—az<a).
xr<a

lim f, lim f(z), f(z)—A(x—a—-0), f(a—0).
a—0 r—a—0
We agree that ,3 lim f = A” contains the information that a is a left-hand
a

accumulation point of Dy.

Since the left-hand limit is a usual limit of the restricted function, then — with
applicable modifications — the Transference Principle is valid for left-hand limits
too.

. Using the Transference Principle for left-hand limits, we can prove easily the

connections between the algebraic operations and the left-hand limits.

At a finite place a € R the left-hand limit can be expressed by inequalities as follows:

1.

Finite left-hand limit:

lim f(z) =A <= Ve>030>0VereDspa-d<z<a: |f(z)-A]<e.

r—a—

400 left-hand limit:

lim f(z) =400 <= VP>03>0VexeDf,a—d<z<a: f(z)>P.

r—a—

—o0 left-hand limit:

lim f(z)=—-00 <<= VP<03i>0VexeDsfa-d<z<a: f(zr)<P.

r—a—
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11.6. Examples
1. Let a € R. Then

lim
T—a— T —a

= —0.

1
Really, if P < 0, then ¢ := P > 0 will be good in the definition, because

1 1
a—o0<zr<a = f:_5<x_a<0 = —— < P.

2. Let a € R and n € N. Then — applying the previous result and the limit of product

— we have
lim — & — 1 . li ! n—(— )" = (=1)" - (400)
a:igl— (x —a)” _xigl— T —a o xigl—x—a AT = o0)-

3. Especially if n is an even number, then the right-hand and the left-hand limits
of the previous function are equal (see the previous example and Examples 11.3).
Thus we have:

lim — = 4+ if n is even.
T—a (3;‘ — a)"

Using the notations in the definitions of one-sided limits we can state the following
theorems about the connection between the limits and the one-sided limits.

11.7. Theorem If lim f(z) = lierf(x) = A, then lim f(z) = A.

r—a

Proof. Since3 lim f(x), then a is a left-hand accumulation point of D. This implies
Tr—a—

that a is an accumulation point of Dy.
Let € > 0. Then by the definition of the left-hand limit we have:

361 >0Vx € B(a,01) N (=00, a) N Dy f(x) € B(A,e).
Similarly, by the definition of the right-hand limit we have:
36 > 0Vax € B(a,02) N (a, +o0)N Dy f(x) € B(A,¢).
Let 0 := min{d1, d2} > 0, and let us observe that
B(a,d) N (—o0, a) N Dy C B(a,d1) N (—o0, a) N Dy

B(a,d) N (a, +00) N Dy C B(a,d2) N (a, +00) N Dy

(B(a,0) N (=00, a) N Dyf) U (B(a,0) N (a, +00) N Dyf) = (B(a,d) \ {a}) N Dy.
This implies that:
Vo € B(a,0)\{a})NDs: f(z) € B(A¥e),
which means Jl;lg}l f(z) = A. O

The reverse statement is stated in the following theorem, and it can be proved easily.
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11.8. Theorem Using the previous notations, suppose that lim f(x) = A. Then

r—a

a) a is a left-hand accumulation point or a right-hand accumulation point of Dy;

b) If a is a left-hand accumulation point of Dy, then lim f(x) = A;

c¢) If a is a right-hand accumulation point of Dy, then ﬂt1_121+ f(z) = A.

11.2. Limits of Monotone Functions

11.9. Definition Let f € R — R. We say that f is
e monotonically increasing if V1,20 € Dy, 21 <xa:  f(x1) < f(x2)
e strictly monotonically increasing if V1,20 € Dy, 1 <x2:  f(x1) < f(22)
e monotonically decreasing if V1,20 € Dy, 1 <za: f(x1) > f(x2)
e strictly monotonically decreasing if V1,20 € Dy, 21 <xz2:  f(x1) > f(x2)
e monotone if it is monotonically increasing or monotonically decreasing

e strictly monotone if it is strictly monotonically increasing or strictly monotoni-
cally decreasing

11.10. Remarks.

1. The strictly monotonically increasing functions are often called increasing func-
tions or strictly increasing functions.

2. The strictly monotonically decreasing functions are often called decreasing func-
tions or strictly decreasing functions.

3. The monotonically increasing functions are sometimes called nondecreasing func-
tions.

4. The monotonically decreasing functions are sometimes called nonincreasing func-
tions.

11.11. Theorem Let f € R — R a monotonically increasing function and let a € R.
a) If a < +o00 and a € ((a, +00) N Dy)’, then

lérff = inf f[(a, +oo) N Dy] = inf{f(x) eR | x € Dy, > a}.

b) If a > —oc0 and a € ((—oo, a) N Dy)’, then

lér_nf = sup f[(—o0, a) N Ds] =sup{f(z) e R | x € Dy, x < a}.



11.2. Limits of Monotone Functions 117

Proof. We will prove only part a). The proof of part b) is similar.
Let

H = fl(a, +oo) N Dyl ={f(x) eR | x € Dy, £ >a} and A:=infH.

Obviously —oo < A < +00. We have to prove that liljrnf = A.

We distinguish four cases.

Case 1, a = —o0 and A = —o0:

Since a = —oo, then H = f[(—o00, +00) N D¢] = f[Ds] = Ry. We have to prove
that ligéf = —o00, that is

VP<03IR<O0VzeDy,z<R: f(xr)<P. (11.1)
To prove this, let P < 0. Since A = —o0, then H is not bounded below. Thus
E|:L’0€Df: f(.CE[))<P.

Let R < min{0, zo}. Then for any € Dy, < R holds = < ¢, consequently — by the
monotonicity of f — we have

flz) < f(xo) < P.
Thus (11.1) is proved.

Case 2, a = —oo and —o00 < A < +o0:
As in the previous case, H = Ry. We have to prove that lim f = A, that is
—0o0

Ve>03dR<0VzeDs,z<R: |f(x)—Al<e. (11.2)
To prove this, let € > 0. Since A + ¢ is not a lower bound of H, then
onéDfZ f($0)<A+€.

Let R < min{0, 2o} < 0. Then for any € Dy, < R holds « < zg, consequently — by
the monotonicity of f — we have

flx) < f(zo) < A+e.

However, A is a lower bound of H, therefore f(z) > A.
Summarizing these inequalities we have:

A—e< A< f(x) < flxg) < A+e,

which means |f(z) — A| < e. Thus (11.2) is proved.

Case 3, —oc0o < a < 400 and A = —o0:
In this case H = {f(xz) € R | x € Dy, > a}. We have to prove that lirff = —00,
a

that is

VP<030>0VereDf,a<z<a+d: f(r)<P. (11.3)
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To prove this, let P < 0. Since A = —o0, then H is not bounded below. Thus
ElonDf,x0>a: f((E())<P.

Let 0 := 29 —a > 0. Then for any 2 € Dy, a < v < a+9d = x¢ holds z < xo,
consequently — by the monotonicity of f — we have

flx) < f(zo) < P.
Thus (11.3) is proved.

Case 4, —00 < a < 400 and —oco0 < A < +o00:
In this case H = {f(z) € R | x € Dy, x > a}. We have to prove that lirilf = A,
a

that is

Ve>030>0VeeDf,a<zx<a+d: |f(x)—Al<e. (11.4)
To prove this, let € > 0. Since A + ¢ is not a lower bound of H, then

Jzg € Dy, x0 >a:  f(ro) <A+e.

Let 0 := 29 —a > 0. Then for any x € Dy, a < v < a+d = x¢ holds z < xo,
consequently — by the monotonicity of f — we have

flx) < f(zog) < A+e.

However, A is a lower bound of H, therefore f(x) > A.
Summarizing these inequalities we have:

A—e< A< f(x) < f(xg) < A+e,

which means |f(x) — A| < e. Thus (11.4) is proved. O

A similar theorem can be stated for monotonically decreasing functions. We tell it
without proof.

11.12. Theorem Let f € R — R a monotonically decreasing function and let a € R.
a) If a < 400 and a € ((a, +o0) N Dy), then

1Li£nf =sup f[(a, +00) N D¢] =sup{f(z) €eR | € Dy, > a}.

b) If a > —o0 and a € ((—o0, a) N Dy)’, then

l}fiaf =inf f[(—o0, a) N D¢] = inf{f(z) e R | x € Dy, x < a}.

11.13. Remark. Since the monotone sequences can be regarded as f : N — R mono-
tone functions, and N = {+oco}, then we obtain that the theorems about the limits of
monotone sequences (see Theorem 5.4 and Theorem 5.19) are the special cases of the
above theorems (Theorem 11.11 and Theorem 11.12).
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11.3. Homework

1. Prove by the definitions of the one-sided limits that

2 —4 2 —4
0 g g e ATES)
. T —5 . r—9
. g v R e P
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12.1. Limits of Rational Functions at Infinity
Let
P(z) = apx™ + 12" '+ . 4+ ax+ag (z € R) and
Q(z) = bpa™ + by_12™ L+ ... bz + by (r € R)
be two nonzero polynomials, where the coefficients are
ag, a1, ---, an €ER, ap, #0 and by, by, ..., by €R, by, #0.
In this section we investigate the limits of the rational function
P(z)
Q(z)
at +o0o and at —oo.
Let us see the following transformation:
(07 al ag
P(x)  apa" +an_12" '+ .. a1+ ag B ™ (xm—n oot pm—1 + xTn)
b+ bz L+ 4D N byn— b b
Q(x) m® +m1x * * 1$+b0 Z‘m<bm+ ml"‘ ml_l %
x
Let us simplify by ™ and make up the limits. Then we have
Z—n if m=n
1. an CLO n
e P o (mm—n + Tn) a .
0 if m>n
and
(dn if m=n
li Gn ag bn
lim Plz) _ oo (xm_n Tt Fn) an 1)n—m if
A o » P (1) (400) i m <
0 if m>n
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12.2. Limits of Rational Functions at Finite Places

Let P,Q € R[z]\ {0} and a € R. In this section we will investigate the limit

. P(x)
lim

4 Q)
If Q(a) # 0, then the result is obvious:

P I P@ p)
T—a Q(:B) N lim Q(.CC) N Q(a) '

r—a

The interesting case is when a is a root of the denominator, that is Q(a) = 0. By
Corollary 2.25 we can factor out from @ the root factor x — a on the maximal degree.
This means that we determine the number m and the polynomial (Q; such that

Qx)=(r—a)" -Q1(x) where meN and Qi(a)#0.

Then factor out from P the root factor x — a on the maximal degree, but maximally
m times. More precisely, we determine the number n and the polynomial P; such that

or n=m or (0<n<m and Pi(a)#0).
12.1. Remarks.

1. If a is no root of P, then we are in the second case with n =0, P, = P.

2. In the case n = m it may be possible that the root factor can be factored out
from P; several times, but this factoring out is unnecessary.

After these factorizations we will continue with two cases:

Case 1.:. n =m.
In this case we have

Pla) _(@-a'A() _Pl) A
Q@) ~ b- ')~ Qi) Q@)

Case 2.: 0 <n <m and Pi(a) # 0.
In this case we have
P(z) (z—a)"Pi(x) 1 Py (z) Pi(a) 1

= = — -lim (x —a).

Qr)  (z—a)mQi(x) (z—a)™™ Qu(z)  Qi(a) z=a (z—a)™™"

The limits of the function z — m can be determined using the Examples
T —a
11.3 and 11.6. Thus the result is

. P(l’) o Pl(a) ] 50
06w T Gue) T
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and
P(l‘) P1 (a)

A Q@) ~ Qula)

Especially if m — n is even, then we have the common limit

(=D (+00)

. P(z)  Pia)

lim = - (+00).

Q) Qi)

P
12.2. Remark. In the second case the product Ql ((a)) - (00) is well-defined, because
1\a
Pi(a) # 0.
12.3. Homework
1. Determine the following limits if they exist.
) lim 2 — 52+ 6 b) lim 223 — 322 + 20 — 1
e—2 12 4 5x — 14 e—1 3+ 722 -5+ 3

)i 22 +2x—15
c im
z—3 15 — 84 + 1623 4+ 1822 — 81x + 54

2. Determine the following limits if they exist.

Yz — 1 N
0) lim V2 b lim YE -2
z—1 Jxr —1 z—5 r—5

Lo Vr24+1-1 . 5z
hm— hm
=0 /22 416 — 4 =0 \/1+x—+1—x
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13.1. Limits of Analytical Functions at Finite Places

In Theorem 8.20 we have proved an important inequality for analytical functions. The
essentiality of this statement was that for any analytical function

f@)=> an-(x—x0)"  (z € Blxo, R))
n=0

holds

f@) = fWI<M-lz -yl (z,y € Blxo,7)).
Here r is an arbitrary radius for which 0 < r < R holds, and the constant M may
be depending at most on r. The statement is valid for real and for complex analytical
functions too.

On the base of this inequality we can investigate the limits of analytical functions
at finite places. Although we discuss the limits for functions of type R — R, in the
following theorem we will make an exception: we will state and prove the theorem for
functions of type K — K. For K = R it will contain the R — R case.

Before the theorem the concept of finite limits at finite places will be extended for
functions of type K — K:

13.1. Definition Let f € K — K, a € K and A € K. Suppose that a is an accumula-
tion point of Dy, that is

Vr>0: (B(a,r)\{a})NDs#0.
In this case we say that lim f(z) = A if

Ve>030>0Vz e (B(a,0)\{a})NDs: flz)e B(Ae),
or equivalently (using inequalities):
Ve>030>0VeeDs, 0<|z—al<d: |f(z)—Al<e.

13.2. Remark. In the case K = R we have once more the definition of the finite limit
at finite place for functions of type R — R.

13.3. Theorem Let f € K — K be an analytical function:
(o9}
f(l')zzan-(:p—xo)n (.’EGB(.’I}&R)),
n=0

where R denotes the positive radius of convergence of its power series. Then for any
a € B(xo, R) holds
lim f(z) = f(a).

r—a
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Proof. Let us fix an arbitrary a € B(xo, R). It is obvious that a is an accumulation
point of Dy = B(xg, R). Furthermore

dr>0: 0<|a—=zo|<r<R (for example r:R—H;_m).
Apply Theorem 8.20 with this r and with y = a. We obtain that
dM >0Vax € B(xg,r): |f(x)— fla)| < M- |z—aq. (13.1)
Let € > 0. To this ¢ the following § will be good:
§:= min{%, r— |a—x0|} .
Really, if 0 < |x — a| < §, then by
|z —xo| = |z —a+a—xo| < |x—al+|a—z0| < I+ |a—xzo| <r—la—xo|+|a—xzo| =71
holds « € B(zo,r). Consequently by (13.1) we have:
f(2) — f(a)] < M - |z — a <M-5§M-%:s.

Thus by the definition %13(11 f(z) = f(a). O

13.4. Examples
1. Using the above theorem it is obvious that for any a € K hold

lim expx = expa, lim sin z = sin a, lim cosx = cosa,
r—a r—a r—a
especially
limexpzx =1, lim sinx = 0, lim cosz =1.
z—0 z—0 z—0

0
2. Let us discuss the basic 5 type limit

. sinxzx
lim .
r—0 X

Applying the power series expansion of sinz we have for any x # 0:

. 3 5 7
siny T—H A+ EH -—FH A+ ... x? ozt S
_ 3 T AT 1T T
x x 3t 57!

This power series is absolutely convergent for any = € K. Denote by g : K — K its

sinx
sum function. The functions z +— and x — g(x) differ only at 0, but it does

x
not affect their limits at 0. Applying Theorem 13.3 for the analytical function g
we have

sinx 02 0t 0f

fim == = limg(@) =g =1t 5 -+ =1

Thus we have proved that
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0
3. The following basic o type limit will be

1 —cosx

lim 5

x—0 T

Applying the power series expansion of cosx we have for any z # 0:

l—cosz 1—(1—“”2—7—1—‘2—?—%{?4— )
x2 x2 N
2 4 6
o wteg e 12t at
B 2 20 4 e
This power series is absolutely convergent for any = € K. Denote by g : K — K
1 —cosz
its sum function. The functions z — ———— and z — g(z) differ only at 0,

but it does not affect their limits at 0. Applying Theorem 13.3 for the analytical
function g we have

1—cosz 1 02 ot 1
lim ———— =1 = = — — — 4+ — — .= —.
o0 a2 limg@) =90) =5~ + & 2
Thus we have proved that
. 1—cosx 1
lim — =5
x—0 x 2

0
4. Finally, let us determine the basic 0 type limit

. expzr—1
lim ——.

z—0 T

Applying the power series expansion of expx we have for any x # 0:

expr—1 1+&+8 424 -1
x N x N
2 3
_atyty e 1o o
x 20 3!
This power series is absolutely convergent for any = € K. Denote by g : K — K
expr — 1

its sum function. The functions x +— and = — g¢(z) differ only at 0,

x
but it does not affect their limits at 0. Applying Theorem 13.3 for the analytical
function g we have

0 0?

. 1
zllmg(:p):g(O):F+§+§+...:1.

. expx—1
lim ———

r—0 xT x—0

Thus we have proved that
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13.2. Homework

1. Determine the following limits if they exist.

)l 1 — cos3x
im ————
@ r—0 5:E2

1+sinx —cosxz

z—0 1 —sinx — cosx

sin (x — %)
e—T /3 —2cosx

b)

sin 6x — sin 7x

z—0 sin 3x
. 1—+cos3z
lim ——M8M8M8M—

z—0 1 —cosx

sinx



