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- I. Fekete, L. Loczi: Linear multistep methods and global Richardson

extrapolation, Applied Mathematics Letters - discretization

« L. Loczi: Guaranteed- and high-precision evaluation of the Lambert W function,
Applied Mathematics and Computation - approximation

- D. Barath, L. Hajder, L. Loczi: Fast Globally Optimal Surface Normal Estimation
from an Affine Correspondence, submitted - optimalization
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Linear multistep methods and global Richardson ¢

a,b,* c,d

Imre Fekete “"", Lajos Loczi

(1) Systems of ordinary differential equations with initial values - appearing
in modelling

y'(t) = f(t,y(t), wy(to) = yo.

Two classes of numerical methods:

* one-step methods, i.e., Runge-Kutta methods (RK)
« linear multistep methods (LMM), i.e., Adams-Bashforth, Adams-Moulton,
BDF-methods (for stiff problems)

(2) Classical Richardson extrapolation (RE): given a sequence depending on a
parameter, how can one accelerate its convergence?
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Idea: transform the sequence by considering a suitable linear combination
of its terms

Two types of RE: global (form the linear combination only at the last step) or
local (form the linear combination in every step)

In the literature: RK methods have been combined with RE

Idea: combine LMMs with RE - global version

2P h 1

nh::—"‘n a _—"n}fﬁ
r(h) = oo v (5 ) = 55— ¥n(h).

Here, the sequence y, is generated by the underlying LMM depending on the
discretization step-size h.

Theorem. If the underlying method is of order p, then the extrapolated
sequence has order p+1.

Advantage: existing LMM codes can directly be used to implement the
LMM+RE method
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Theorem. Under some natural assumptions, the region of absolute stability
of the LMM+RE method is the same as that of the underlying LMM method.

Table 1

Convergence order and A(a)-stability angles for the BDFE-GRE
k Order A(a)
1 p =2 90°,
2 p = 3 QOO, .
3 p=4 86.03
4 p=2>5 73.35
5 p==6 51.83
6 p=17T 17.83
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Contents lists available at ScienceDire

Applied Mathematics and Con

journal homepage: www.elsevier.com/loca

Guaranteed- and high-precision evaluation of tk
function™

Lajos Loczi®P
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The Lambert function W satisfies W(x)eV® =x (forx>-1/e) —a
generalization of the logarithm function

The solutions to many polynomial-exponential-logarithmic equations can be
expressed in terms of the W function

The W function has two real branches: W, (continuous curve) and W_;
(dashed curve)
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The W function gained popularity in the last few decades, and it is
implemented in all major symbolic systems (e.g. Mathematica, Maple).

Both branches of the W function are now extensively used in science and
engineering:
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D.A. Barry et al./ Mathematics and Computers in Simulatic

Table 1

Applications of the real-valued W-function including the branch used

Problem description Branch of the W-fun
Water movement in soil W_, or W, or Wg"
Enzyme—substrate reactions Wy or Wy

Time of a parachute jump W,

Iterated exponentiation Wo(x), —exp(—1) <
Jet fuel consumption W, or W_;
Combustion Wy

Forces 1n hydrogen 10ons W, or W,
Population growth W_; and Wy
Roots of trinomials A

Disease spreading W,

Recurrences in algorithm analysis Wy

Binary search tree height Wy

Hashing with uniform probing Wy

Hashing methods W_,

Optimal wire shapes Wy

SU(N) gauge theory A

QCD renormalisation W, or Wy or W_,
Star collapse W,y

Two-body motion W, and W_,;
Structure learning A
Reaction—diffusion modelling W_,

Sample partitioning W,
Entropy-constrained scalar quantization Wy

Redox barrier design Wy
Photochemical bleaching Wy

Thin film life time W_,

Testing Legendre transform algorithm Wot

Exponential function approximation W_; and W,
Herbivore—plant coexistence Wy
Photorefractive two-wave mixing Wy

The W function is not an elementary function, natural question: how to
approximate it with elementary functions?
There are several known formulae, including



10 | TKP_workshop_20230118.nb

e Taylor expansions, e.g., about the origin

o< Ic 1 31,_3 8.1‘4
Z Ry o 5 T 3 —+
k=1

e Puiseux expansions, e.g., about the branch point z -

e asymptotic expansions about +o00, such as

In(z) — In(In(x)) + ; ZZl Ck,m%

where the coefficients ¢y, ,,, are defined in terms of th
recursive approximations

e the recursion

Ant1(x) == In(z) — In(A,(z

e the Newton-type iteration

Up(x) — 1€

Un+1(I) = I"’H(E) - (]_ + v (
e the iteration 3 ( )
.-'F n\L

e the Halley-type iteration

hn(x)e hin (2

ehn (=) (h,(z) +1) — (fn

Ny () := hp(x) —

e the Fritsch-Shafer—Crowley (FSC) scheme;
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analytic bounds on different intervals

e the bounds
In(In(x))

In(x) — In(In(x)) + 2In(x)

< Wy(z) <In(z) —Ir
valid for = € (e, +00);

Error estimates for the remainder terms in the series expansions?

For the recursive approximations:

What starting value should one pick?

Is the recursion well-defined then?

Will it converge for a particular value of x?

If yes, what is the error committed when n recursive steps are performed?
How many steps to take to approximate W(x) to a given precision?

How to tackle the difficulties when x is close to the branch point at -1/e, to the
singularity near x <0, or when x> 0 is very large?

In our work, we analyzed the following recursion proposed by R. lacono and
J. P. Boyd:

Broa() = 22 (14 In(22))

« We proposed simple and suitable starting values (consisting of the basic
operations, logarithms, or square roots) that guarantee monotone
convergence on the full domain of definition of both real branches.

« The quadratic rate of convergence of the above recursion is proved via
explicit and uniform error estimates.

* From these estimates, the maximum number of iteration steps needed to
achieve a desired precision can easily be determined in advance.
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Article Talk

Lambert W function

From Wikipedia, the free encyclopedia

The Free Encyclopedia

« Open questions: the W function has also .o many complex branches.
Can one develop suitable recursions to approximate these + guaranteed
error bounds?

« Main difficulty: what starting value to choose?

* Possible topic for a PhD dissertation
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Fast Globally Optimal Surface Normal Estimatio:
Correspondence

Anonymous CVPR submission

Paper ID 9196

Abstralt

We introduce a new, globally optimal solver for estimat-
ing the surface normal from a single affine correspondence
in two calibrated views. In contrast to previous solutions
to this problem, the proposed algorithm contains an explicit
formula which has been obtained by solving a linear equa-
tion, thus, it is significantly faster than its similarly accu- P
rate alternatives. We show on 15k image pairs from stan- C,
dard benchmarks that the proposed approach leads to ex-
actly the same results as other optimal algorithms while

being, on average, five times faster than the fastest alter- Figure 1. Geometric cor
native. Besides its theoretical value, we demonstrate that with normal n € E® prc
such an approach has clear benefits, e.g., in image-based T12 as pa € E2. The loc:
visual localization, due to not requiring a dense point cloud related by the local affine

to recover the surface normal. We show on the Cambridge

Landmarks dataset that leveraging the normals estimated

by the proposed algorithm further improves the localization terparts [62]. Moreow

accuracy. The code will be made publicly available. the numerical refinem
point cloud [26]. In thi
lem. i.e.. estimating the

n* = argmin f(n),

In

with

f(n) := ZZ ‘;T‘;’”—aﬂ

i=1 j=1

Solutions:
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«2015: a globally optimal estimator in the least squares sense as the solution
of a quartic polinomial

« 2020: the optimal solution can also be found as a real root of a cubic
polynomial

* In our work: we propose a new linear and globally optimal solution to
surface normal estimation from a single affine correspondence. The derived
symbolic formula contains 19 parameters, and consists of only the four
basic arithmetic operations. Therefore, one can completely avoid root
extractions, solving any higher degree polynomial equations, or employing
any numerical or iterative methods. This new algorithm is five times faster
than the above cubic solver.

Extensive tests and comparisons:
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The actual formulae:

numer; := ﬂuwu,m’wiyﬂg + ﬂ12w12,mw§,yﬂg + Gzlwzl,mwiyﬂf, T A22wW22 1
w%iwaC,Inﬁ + w%l,ywc,mng + w%lywc,mng - w]l,:}:wll,ywc,yni — W2z
W2,z W2,y We y My — A11W11,yWe zWe,yTy — A12W12,yWe zWe,yTy — A21Wa1,
lel,ywll,zwc,xny + leﬂ,ywli,zwc,mny + Qwﬂl,ywil,zwc,;rﬂy + 2w22,y
W12,xW2 z We 4Ty — W21 2 W21z We yTly — W22 W22 2 We yTly — A11W711 U
21321 zWe pWe yTly — A22W22 zWe 2 We Ty — W11 2 W11 yWe zThy — U2 ¢

Waz pWa2 yWe zTy — AW, yWe,zWe 2Ty — A12W12 yWe g We 2Ty — A21W2Y
2allw11,mwc,ywc,zny + 2a12w12,ch,ywc.zﬂy + 2321w2],mwc,ywc,zny + 2¢
ﬂlzwm,mwiz + t121’w21,x’w§,z + ﬂafzwzz,zwg,z + ’wg],z’wc,x + w%g,zwc,z + w%;

W12, xW2 zWe z — W21 zW2] 2 We z — W22 W2 ;We z — A11 W] zWe g We z — 4

denom; := —Q11 Ny W11 ,zWe zWe y + allnywu’ng‘x -+ algnywlg,ng’ﬂ: + agn
aEERywﬂi,ng,m — Q19My W19 s We xWe y — A21 Ny W31 o We g We y — A2y W29
~‘-111’t4!"11,;:w‘§,I + ﬂ12w12,zw3m + amwm,zuﬁm + ﬂzngz,zwg,m — a12W12.x
@22W92 g We zWe z + nyw%LIwc,y — MyWi1,zW11 yWeax — NyW2,2W192 4
NyWas W22 yWe x + nwaa,rwc,y + n!-'wgl,;r We,y + nngz;rwﬂuy + wg

W12, 2W12 2 We p — W21, 2W2 2 We p — W22 2 W22 zWe 5 -

numers := ((a12wia,y + a21Wa1,y + @20Wa2 4 )W2 , — (W12,yW12.2 + A12We yWr:
W2 yW2 z + A21 W 2 We y + A22W2 zWe y)We, z + ('wrfg,z + ’wg],z + 'wgg,z}b
a11W12,yW12,z + 21 W11 y W21 ¢ + A11W21 2 W1 y + A22W11 y W22 1 -

w1 y(Wi2,2W12,z + @12We 2 W12 2 + W21 W1 2 + W22 g W2 5 + A21 W21,
ary(wioywie ;Wez + Wal yWa1 z We z + W2 y W2 2 We z + W12 zW12
w??,mwﬂﬂ,zwc,y}wc,z - (wi?ng + w%]ﬁz + w%g,z)wc,;r (wll,y + allwc,yn'

2 2 2 2 2 2
a11W11,yWay We o + a12W12,yWa) We + @11W11,yWag W, 5 + A12W12 YU



TKP_workshop_20230118.nb | 17

a21Wi L W21,y Wo ; — A21W12,y W12, ;W1 2 Wy 5 — G12W12, ;W1 y W21 2T
azzwgl‘zwzz,ywiz - 322w12,yw12.zw22,zwg,x — a:}zwm,yw:}l,zwzi,zwf,g
Gzlwm,zwﬂ,ywzfz,zwax + [321w21,yw%2‘1 — @21W12 yW2l g Wi2,x — A12W21 21
am‘wu,yw%l@ + -‘-112’1»9‘12,;;11!}32‘I + GQlwzl,y’ng’m — Q22W2] W21,y W22z T+
ﬂza(wi?g,m + wgl,m}‘wﬂ,y — (a12wia 2 + azlwm,m}wzz,xwm,y}wg,z '
ww,zwu,ngg,zwc,z - wzl,mwzl,y’w%g,zwc,m — 'w%g,zwm,zwzl,y'wc,z +

Wiz xUW2 Wy y W1 zWe x — w%grzw22,1w22,ywc,;r - wglﬁzwizrwﬁi,ywc,x
Wo1 yW21 ;W22 W2 ; We x + W12 z W12, W22 4y W2 ;We x + Wl z W2 W22,
w%?,;rwgl,zwﬂuy + w%ﬂ,zwgﬂ,mwﬂay + w%l,zwgﬁ,mwﬂay + w%?,:rwgi,zi

2W12 2 W12 W21 7 W2 2 We y — 2W12 z W12, 2 W2 W22 z We y — 2Wo1,
312w12,:rw§1,zwc,ch,y — aliwlﬂ,zwggzwc,ch,y - 321w21,mw§2,zwc,:rwi
A21W12,zW12 W21,z We g Wey + A12W12, ;W21 z W21,z We zWe y — A2
aﬂiwgl,zw22,mwc,mwc,y T Q99W19 W19 ;W9 ; We Wy + A2oWa1,
a12W12,2W22 2 W2 2 We 2 Weyy + A21W 2 WD o W22 ;WeaWe,y + Wiy . ((a12w
— (w12,2W12y + W21,2Wa1y + W22 2 W22 4 ) We e + (Wio 5 + W3y , + wH
22W22 3 )We z )We,y) + (—((Wa1 ywa1 2 + G21We ywa1 » + Wag ywoo
(@12(wa1,yWa1 2 We g + W22 y W2 2 We g + Wy Wz We y + W2 2 W2 2 We y) -
a20W22 y )We g + W1 g (Wa1,y + @21 We y) + Waa z(wa2 y + azawe y)))

W1,z W1,z W22 z W22 y + W21 g W21,y W22 W2 2 — w§1‘1w22,yw22,z +
2011W11,y W21 z W21 2 We z + A22WY y W21 2 W2 o We p — 2022W21 W 2 W2 y
(91 Wa1 Wag z W9 yWe y T AgoWay zWoy 4 Wog  We 7 — Eallwll,ywm,xwmz’ﬂ
a21Wa1 W23 yW22 2 We z + wu,y(—wm,z{wgl,m + uﬁz@) + wia 2 (as
2a12(wa1 2 W21 2 + W2 2 W9 2 )We g + W12 2 (W21 2 W1 2 + Q21 We 2 W21 2 +
{Guwm,z(wgl,z + *w%g,m) + (azowai z — a21w22 ¢ )(Wa1 z W2 » — 1

w11,z (W11,yWe z (W12 2W12 2 + W1 2W21 2 + W2 gWo0 > — (a12w12 2 +
a11We z((Wi2,2W12,2 + Wai 2 W1 2 + Wao z W2 ; JWe y — (W12 yWi2,z + W
’wll,y(w‘l?:g‘ﬂ; + w%l,m + ‘wgg,x — (a12wi2,x + a21W21 x + A20We 2 )W,
Way z W1,y + w22,:rw22,y)wc,x - (W%QPI + w%],:r + w%gﬁ]wc,ijc,z )

Wa1 yWa1 ; We x + W2 y W2 ;We z + A12W12 z We yWe x + Q21 W21 2z We
219 p W19 ;Wey — 2Waq 2 W ;We y — 2Wag z W9 ;W + (Waq zWo1 4 + Wao

a92W22 o )We z + (A21W21 2 + G22W22 2 )U
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denomy := ((a1owi2,> + ag1wor > + ﬂagwaa,z}wiy — (w12, yw12 > + Wwa1 yWor,
(w%ﬂ,y + wgl,y + wﬁg,y — (a12w12,y + g1wa1 y + A22W22 y ) We,y )We 2 )1
Wo1 yW21 2 + W2 yW2 2 )Wex — (W12, 2W12,2 + W1 2Wo1 2 + W22 2 W2,
21wy x + ﬂzz}wzz.z)wiy] + (wi2,2W12,y + A12We g W12 y + W1 z W1y
A22Ww20 yWe, o )Wey — (wiy , +wdy , + Wiy we ) + a11((wi2wizy +
2 2 2 2 2

(‘wu,y T Wy y T+ wgg‘y}wc,m]wc,z]wll,x + a11W11 2 W9 4 We » T A11W11 2
ay 1’14'-"11,zw%g:!,,’U’-»‘.f,;lc + a12w12,2w32?ng’;r + amwzl,zw%g,wa,x —
a?lw%E,ywil,zwg,m - aliwlﬂ,ywil,ywil,zwg,m - aiiwlﬂ,ywli,zwﬂﬂ,ng
A20WT5 ,Woo W], + G22W3y W2 W7 , — G12W12,yWa2 y W2 W, -
allwu,zw%g,zwg,y + ﬂuwu,zwgl‘zwg‘y + ﬂ12w12.zwglamwg:y +anw;
a‘?lel,zw%E?mwg,y — amww,zwlz,zwm,xwg,y + azﬂﬁz,mwm,zwiy :
322w12,xw12,zw22,zw3‘y - ﬂziwzl,xwzl,zwzz,mwg,y + 3221”%9,1-1“22,2:
GIEWIQ,EWEE,EWQQ,ZWEFH - ﬁilwﬂl,zw22,mw22,zwiy - le,mwlﬁ,zw%hy
Wo1 2 Wa1 2 Why yWe r + W12,y W12,2W21,cWI1 yWe z — Wip W1 2 Wa1, s We,
W9 W19 ;W9 W9 yWe x T Way yWay ;W9 W9 yWe  — w%ﬂ,ywﬁﬁ,rwﬂi
W12,z W12 y W3 W3 ; We z + W] g W21, yW22 4y W22z We g — wli,ywlzzng
le,ywzl,zwgg,Iwc,y T Wiz Wi2 z Wal 2 Wl yWe y + W12 2 W12 y W1 x W2
W12,z W12,z W2 W2 yWe y 1+ W1 W21,z W22 W2 yWe gy + W12 g

Way z W1,y W22 2 W22 zWe y — w%Q‘IWQQ,ywﬂﬂ,zwc,y - w%l’IWQQ,ywﬂﬂ,zwc,y
21 W19,y W12 z Wl zWe g We y + A21W12 2 W12 W21 yWe zWe y — 2a11
2a12w19 ;W21 g W21 yWe zWe y — 2021 W12 z W12 yW21 2 We g We y T A1
@12W12 z W21 yW31 z We g We y T A22W12 y W12 ;W22 zWe xWe y 1 @221
A22W19 z W12 z W22 yWe g We y + A22W21 x W21 W22 yWe xWe y — 2a11
2a12W12 ;W22 $ W22 yWe zWe y — 2021W1 2 W2 7 W2 yWe g We y — 203
2a90w21 W21 y W2 2 We zWe y + A12W12 y W22 W2 > We xzWe y + A21
a12W12 g W2 y W22z We zWe,y + A21W21 g W2 y W22 zWe zWe,y + (W
GQQ’[UQQ’y)‘IUE,y}‘lUi?Q?m + a12((w21 g wa1 y + wWag 2 W29 y )We y — (WS
w%Q,y(w%Ln: + wﬁg,m — (a21wa1 o+ + a22wW22 1 )We ) + (Wa1 yWos 4 -

91 We y W32 g — W21 g W22 y — A22W3] yWe x + Q21 W23 yWe z + A22W2] 7'
Wo2 z W99 y)We z — m(w%l,z + w%z,x}wc,y + w12 2 (—2wo1 zwoy y + ¢
A22W22 yWe z + A21 W21 2 We y + A22W22 2 We y) ) JWe > + wfljy{{"-_i]?wl?,z

9 2 9
(wi2,0w12,z + W1 2 Wa1,z + W22 2 W22 2 )We,z + (WTa , + Wy 5 + Wi



TKP_workshop_20230118.nb | 19

Gﬁﬁwﬂﬂ,z]wc,x)wc,z} + wll,y(wll,zwc,z (w]2,1w12,y + Way W21,y +

ag Wa1,y + A22W2 y ) We z) — ’wll,z{w%g,r + w3y, + wgg,m — (apwig g +
11 We o ((W12,2W12, 2 + W1 W21 2 + W22 g W22 5 )Wey — (W12 ywi2,z + 1
a11((wi2,zwi2,y + W pWa1 y + W22 2W22 y ) We z — [wrfg,:lc + w?

W11,z (W12,y W12, We g + W21 yW21 2 We g + W2 y W2 ; We g — 2A12W12 21
2a20w22 ; We yWe ¢ + A12W12, yWe 2 We ¢ + Q21 W21 yWe 2 We x + A22W22
W1,z W21,z Wey + W2 g W22 ;We y — 2W12 W12 yWe z — 2W21 W,

Q19W12 zWe yWe > + A5

. 2
numers := ny((a11wi1,z + a12wize + a21w21 2 + ﬂzzwzz.z)wc,y—
We y((@11W11,y + G12W12y + G21W21 y + G22W29 y )We z + W11 W11,y + Wy

Wag p W2 y) + (W‘]?LS

— 2
denoms := (auwn’y + a1pwi2,y + a21way 4y + agg?ﬂgg’y) W+
2 2
Wey (— (@111 + a12W12,2 + @21W01 2 + Q22w 2) Wew + WTy , + Wi

We z (Wi1,eW11,y + W12 W

numery :=
(w%sz,y + ’w§1,y + ng,y + (afy +a3; + ﬂgz)wg,y — 2(arpwi2,y + ag1way y
2a11(—(a12wi2 2 + az1wo1 » + azzwza,z)wg‘y + (w12, zW12,y + Q12We 2 W12 y -

+ a21W21 yWe x + 322w22,ywc,1]wc,y - ('w‘]?gy + wgl‘y + wgg‘y}wc,m)wll,x +
wi?zngz,z + wg],ngz,x + w%%,xiﬂ%?,y + w%l,mwgﬂ,y + ﬂ%ﬁ”irzz,ng,m + a3 w;
G’%lwgl,ng,m + ﬂ%zwgl,ng,m + a%2wgl,yw3,z + a%lwgzngz + 3%21”:2}2,1;"
2&12ﬂ:z1*bb‘12,3,ﬁ'-b‘21,ng,I - ?awazawu,yw:}z,ng,x — 2a91a00wWa1 ywoo yw? 5 + ((
ﬂ?zwgm + afywdy , + 0‘32(1’”%2@ + wgl,m) — 2a12a20W12 z W22 » — 2a21Wa1 4
a%ﬂﬂf%g,r + w%z,l))wﬁ,y — 2w9 W12, y W21 2z WL,y — 2W12 W12,y W22 2 W2 y ~
2a12W12,2Wh yWez — 2a19W12 2 Why yWe x — 2021 W21 2 Who y We s — 20
2a91W12, 2 W12 y W21 yWe z + 2@12W12 y W21 2 W1 yWe z — ?ﬂzsw%g‘ywzsz,mwc,z

2a20W12 2 W12 y W22 yWe x + 2020W21 W1 3y W22 yWez + 2a12W12 yU
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2 9 2 2 2 9 :
2021 w91,y Wo2 s W22 yWe,z + Wiy gy (Wig x + Woy » + Wio » + (ajy + a3, +a
2
21 W1,z + A22W2 5 )We z) — 2(Wo2 z W9 yWe 2071 — A22(W12 2W12,y +
2 2 2 2
322(1”12,9: + w21,:n)w?2,y + (aj; + %2}("‘-”12.:1:"”12,y + w21,mw?1,y)’wc,ﬂr :
2 2
W2 2 W2 y ) We g + Q1o (Wo1 2 W1 y + Wo2 2 W22 y ) We z + Gzl(wm,ywm,x
2
Wa1,yWag ; — W21,z W22 z W22y — (Q12W12 y W21 x + A22We2 yWa1 & + A12W12, 2 W
2
a12w12,y (W » + w2 2 (W22 — A22We g)) — G12W12 2 (W21 W21y + Wan y(1
2w y((Wit,z — 11We ) (W12, 2W12,y + A12We 2 W12,y — Wl z W1,y — W2,
2 2 9
agoW22 yWez) + (—W11,2We z019 + W12, z(W11,0 + A11We g )a12 — a11(wip , + Wy

A20W22 2 )We z + W11 2 (@21 W21 7 + 23

(2 2 2 2 9
denomy := (wf, , +wiy, +wy, , +wiy,)w; ,

2
Qe zWe,y (W11,0W11,y + W12,cW12,y + W21,0Wa1,y + Wa2 zWa2y) + (W,



