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Introduction - Course details

Course details

| Csaba Balint csabix@inf.elte.hu (me). Room: 2-706.
| Lecture: Wednesday, 16:00-17:30
| Exam: Explain 2 topics. You chose one, and | choose one.
I Points from practice can help your course (but do not count on it).
| Practice: Wednesday, 17:45-19:15 and 19:30-21:00
I Small assignment (30 points) and large assignment (100+ points)
I Work during practice ( 15 points)
| Scores above 100 points will count towards the lecture exam
I In both

I Grade boundaries: 40, 55, 70, 85.
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Introduction - Course details

About this course

I This course was originally based on the Hungarian
master course Advanced Computer Graphics

I The di culty was lowered, now it consists of )
1 3 o
ARI CG = > BSc CG+ £ MSc CG

| Prerequisites:
| Linear algebra (the more the merrier)
| Calculus (di erentiation and integration) ,
I Geometry (good understanding is bene cial) N
| This course is still hard. To pass:

I Do not miss Practices! It iseally hard to catch up.
| Maximize points. Ask questions.
| Follow the Lectures.
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Introduction - Course details

Further reading

1. Edward Angel, Dave Shreineinteractive Computer Graphics: A Top-Down Approach
with Shader-Based OpenGL (6th Edition)

2. Andrew GlassnerPrinciples of digital image synthesis

3. Pharr, Humphreys, HanraharPhysically Based Rendering (From Theory to
Implementation)

4. Akenine-Mdller, Haines, Ho manReal-Time Rendering (4th edition)

5. Tekla Téth, Ivan Eichhardt, Gabor Valasek: BSc Computer Graphics Lecture slides
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http://www.realtimerendering.com/Principles_of_Digital_Image_Synthesis_v1.0.1.pdf
https://www.pbrt.org/
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http://cg.elte.hu/~tekla/old/2019_20_1/graphics_lecture.html

Introduction - Motivation

Introduction

I Computer graphics deals with the synthesis,
analysis, and manipulation of visual content

I Our focus is on the basics of

I modeling, i.e. how can we describe (and more
importantly: store in a computer-decipherable wa
our virtual worlds

I algorithms which allow us to make pictures of our
virtual world

I devices on which we can display the results of ou
visualisations
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Introduction - Motivation

Modeling

| Geometric modeling

N
(&)
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Introduction - Motivation

Modeling

| Geometric modeling
| Optical models

v
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Introduction - Motivation

Algorithms

Approaches
| Ray tracing g

/ Shadow Ray
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Introduction - Motivation

Algorithms

Approaches
| Ray tracing
I Incremental image synthesis
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Introduction - Motivation

Algorithms

Approaches

| Ray tracing
I Incremental image synthesis

| Re ections and refractions
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Introduction - Motivation

Algorithms

Approaches
| Ray tracing
I Incremental image synthesis

| Re ections and refractions
| Shadows
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Introduction - Motivation

Algorithms

Approaches
| Ray tracing
I Incremental image synthesis

|
| Shadows

Re ections and refractions

| Global illumination
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Introduction - Motivation

Algorithms

Approaches
| Ray tracing
I Incremental image synthesis

I Re ections and refractions
| Shadows

| Global illumination

| Volumetric lighting
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Introduction - Motivation

| don’'t need math!

I'll just make videogames when | grow up!

VIA 9GAG.COM
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Coordinate systems - Table of contents

Coordinate systems

H Coordinate systems
Cartesian
Polar and spherical
Barycentric
Homogeneous
coordinates
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Coordinate systems - Vector operations

Points and vectors

I A point is an entity that has a location in space (or plane), but it has no extent

I A vector is an element of aector space. Geometrically, a vector has a direction and a
magnitude. All the usual operations are de ned on them: vector addition, subtraction,
multiplication by scalar, dot product, and cross product

I The following operations can be carried out that bridge the realm of points and vectors
I Dierence of points yields a vectoA B = v that translatesB to A.
I A point plus a vector translates tpe poi® + v =pA to another one
I Barycentric combination of pointsF,i i Pi where pi i=1 (more details later)
| Barycentric combination of vectors . ;v; where i =0

I In the following we presume that points/lines/planes will ben distinct
points/lines/planes.
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Coordinate systems - Vector operations

Vector addition and substraction

a+b

Csaba Bélint (ELTE IK) CG Crash Course
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Coordinate systems - Vector operations

Vector dot product

The dot product of vectorsa = [ay; ay; a;] andb =[by; by; b,] is denoted byna; bi and can be
computed using their coordinates as

ha;bi = axb + ayb, + a,b;:

This is equivalent to
ha;bi = jaj jbj cos();

where denotes the angle between vecta@sand b.
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Coordinate systems - Vector operations

Vector cross product

A

|a x b| = |a| |b| sina

axb
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Coordinate systems - Vector operations

Vector cross product

You can use determinants to compute the cross product:

2 3 2 3
ay by i ] K
gayg 9@,%: ax ay a
az b, bx b b
.y & . ay ay ax ay
"bb ) obb K b
2 3
ayb, asb
:9 ;-xbz"'azt&g
axh, ayb
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Coordinate systems - Vector operations

Notation

| Points:a 2 E%;b2 E3
I Vectors:v2 R";n=2;3;::
I Special notation:v 2 R" is the direction of vectow, i.e. jvj = jjvjj» = 1.
I Lines: e, f, g, ...
| Planes: S, ...
| Matrices:M; M 2 R ™
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Coordinate systems - Vector operations

Coordinate systems

Coordinate systems allow us to uniquely represent points of the space with n-tuples (c
numbers)2

X
| Eg.p=9y52E?
A

I It allows us to use algebraic and analytic tools in geometric problems
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Coordinate systems - Cartesian coordinate system

Cartesian coordinate system

I The Cartesian coordinate system uniquely assigns a pair [triple] of numbers to each r
point of the Euclidean plane [space]

| A Cartesian coordinate system is de ned by a point in the space, in other wordsrihie
0, and an orthonormal system of three vectorsj , and k

I Then thex;y; z coordinates of a poinp are the (signed) orthogonal projections of the
vectorp o to the orthonormal basis vectoisj ; k

I Reminder: the (signed) orthogonal projection of vectar to unit vector [b], is
e; [b]oi = jajcos\ (a;[bo)
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Coordinate systems - Cartesian coordinate system

ojection

@
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Coordinate systems - Cartesian coordinate system

Geometric interpretation

I In other words: p(x;y;z) denotes the point of the space which we get by starting from
the origino and goingx units in the direction of, y units in the direction of , and z
units in the direction ok
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Coordinate systems - Cartesian coordinate system

Geometric interpretation

I That is, given the orthonormal basis vectdrsj , k, the Cartesian coordinates; y; z]T
denote the following point of the Euclidean space:
p=o0+Xi+y +zk
2 3 2 3 2 3

1 0 0
=o+x90g+y91g+220
0 0 1
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Coordinate systems - Cartesian coordinate system

handed coordinate systems

®

a Balint (ELTE IK) CG Crash Course Computer Graphics Lecture 22/168




Coordinate systems - Cartesian coordinate system

Left-handed coordinate systems

®
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Coordinate systems - Polar coordinates

Polar coordinates

| Each point of the plane is determined by a distance from a xed poirfteference
point) and an angle from a xed (reference) directiopdlar axis)
| The polar coordinates ab are(r; ):
I'r Or=jp o
| 2 [0;2 ): the angle between the line through and p and the reference direction

Csaba Bélint (ELTE IK) CG Crash Course Computer Graphics Lecture
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Coordinate systems - Polar coordinates

Polar coordinates: Conversions

I Polar! Cartesian:(r;' )! (x;y)
I (x;y)=r (cos; sin )
| Cartesian! polar: (x;y)! (r;')

I r= m
|
8
%atan(%); x>0y O
atan(y)+2; x> 0"y<0
= atany;x)= _ atan({)+ ; x< 0
E ?; x=0"y>0
5 x=0"y<O0

| Origin of the Cartesian system polar reference point
| x Cartesian axis polar axis

| What happens ak = 0;y =0? Whenr =0, any angle will result ifi0; 0]
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Coordinate systems - Spherical coordinates

Spherical coordinates

I A planar polar coordinate system plus an additional axis (Z-axis, zenith), perpendicula
the polar plane
| The spherical coordinates;’; ) of p denote:
I ' : the polar angle of's projection onto the polar plane
| 2 [0; ]: the angle between the line through and p and the Z-axis
I'r:r=jp oj
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Coordinate systems - Spherical coordinates

Spherical coordinates: Conversions

| Sphericall Cartesian:(r;'; )! (x;y;z)
X=rcos sin;y =rsin' sin; z =rcos
| Cartesian! spherical:(x;y;z) ! (r;"; )

r= g X2+ y2+ 72
' atany; x)

z
arccosF; réo
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Coordinate systems - Barycentric coordinate system

Barycentric coordinates

I August Ferdinand Mobius [1827]
I Motivation: a more balanced representation of the region of interest
| The term is derived fronbarycentey meaningcenter of gravity

X—a b—x

V @& 7AN )

What u;v > 0 weights should we put at the ends of the rod if we want the rod to stay in
balance when elevated at the point denoted by the triangle?
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Coordinate systems - Barycentric coordinate system

Motivation

What u;v > 0 weights should we put at the ends of the rod if we want the rod to stay in
balance when elevated at the point denoted by the triangle?

| Let x be the position of the triangle

| The rod will be balanced ffx a)v=(b x)u
| The above only determines thatio of u andv!
| Using anormalisation condition ofu+ v =1

u= X8 V_b X
" b a b a
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Coordinate systems - Barycentric coordinate system

Barycentric coordinate system

| Letag;::;an ben+1 anely independent points inE"
I Then everyx point of E" can be expressed asbarycentric combination of basis points
ag;::an, i.e. there exists ; 2 R, i =0;:::;n, such that
X X
X = ia where i=1:

i=0 i=0
I We need 3 points in the plane, and 4 in space to cover all dimensions
| Thecase oBi : ; 0is calledconvex combination
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Coordinate systems - Barycentric coordinate system
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Coordinate systems - Barycentric coordinate system

Barycentrid Cartesian conversion

I Let (u;v;w) be the barycentric coordinates wrt.
P1 = (X1;Y1); P2 = (X2:¥2); P3 = (X3;y3) 2 E? ((xi;yi) given in Cartesian coordinates)

I Then the Cartesian coordinates of the point represented by the barycentric coordinate:
(u;v;w) can be computed ag = upi + vpo + wps, i.e.

X = UX1+ VX2 + WX3

y = uy1+ vy2 + Wys
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Coordinate systems - Barycentric coordinate system

Cartesiarl barycentric conversion

1 1 1
| Let (a;b;c):= ay b, o ,a;bc2E?
ay b ¢

I Remark: ( a;b;c) equals to twice the signed area of the triangle spannea iy, ¢ (the
signed area is positive if the 3 vertices come in a counter-clockwise direction, otherwis
is negative)

I Remark: in space a;b;c)= hlb a) (c a);ni, wheren is the normal of the 3
points' plane

®
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Coordinate systems - Barycentric coordinate system

Cartesiarl barycentric conversion

Let x 2 E? be a point. Then its barycentric coordinates wrt.
P1 = (X1;Y1); P2 = (X2;¥2); P3 = (X3;y3) 2 E? a nely independent points are:

_ (x;p2;p3) N
( P1;P2;P3)

y= (P1Xips)
( P1;P2;P3)

_ (P1;p2;X)
( P1;P2;P3)

Such that

X = Uup1+ vpz+ wps3
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Coordinate systems - Homogeneous coordinates

Motivation

I D Yis not on the Euclidean plane, since the projection line is parallel withxthgis
| Let us consider the same orientation of the lines (their direction) et !
I This way all parallel lines will have a common point at in nity

®
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Coordinate systems - Homogeneous coordinates

De nition

| Each line has an additional point, adeal point on it, such that
I The ideal points of parallel lines are the same
I The ideal points of all the lines of the plane form ateal line
I The ideal lines of parallel planes coincide
I All the ideal points of the space form thieleal plane
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Coordinate systems - Homogeneous coordinates

Properties

| Projective plane: the projective closure B%, that is all the points ofE? and its ideal line

I Two points always determine a line in the projective plane (remark: remember, by two poi
we mean twodi erent points!)

I Two lines always determine a point in the projective plane!
|

| Projective space: the projective closureBf, that is E2 plus its ideal plane

I Three points always determine a plane (unless they are colinear).
I Three distinct planes (not all three having the same orientation) always determine a point
|
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Coordinate systems - Homogeneous coordinates

Embedding the Euclidean plane

E2
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Coordinate systems - Homogeneous coordinates

Embedding the Euclidean plane

o X,y h]

E2
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Coordinate systems - Homogeneous coordinates

Embedding the Euclidean plane

[x, y, h]

e e
& [x/h, y/h, 1]

&
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Coordinate systems - Homogeneous coordinates

Cartesiali  homogeneous conversion

| For eachp(x;y;z) 2 E3 point, let its homogeneous coordinates be:
p(xiy;z) ' [xyiz;1]
hix;y;z; 1]
=[hx;hy;hz;h]; h60
| For eachv =[x;y;z]" 2 R3 vector :
iy;zl UoIxy;z; 0]
hix;y;z; 0]
=[hx;hy;hz;0; h60
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Coordinate systems - Homogeneous coordinates

Homogeneous Cartesian conversion

I What does[x1; X»; X3; X4] denote in the Euclidean space?
I x4 60: it's the following point of the Euclidean space:
X1 X2 X3, _ X1, X2 X3

X1, X2, X3; X4 VIV, Vo
[ ] X4 X4 Xy X4 X4 Xag

I x4=0 andx?+ x5+ x4 60: itis an ideal point, i.e. a vector!
I x; =0,i=1;2;3;4: cannot happen.
[x,y, h]

VA g
[x/h, y/h, 1]

Vi

\
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Coordinate systems - Homogeneous coordinates

Homogeneous coordinates

| Letc60 then:
I [0;0;0; ] origin
I [c;0;0;0] ideal point of the x axis
I [0; c;0;0] ideal point of the y axis
I [0;0;c;0] ideal point of the z axis

(X, y. h]

S >
[x/h, y/h, 1]

/
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A )

Computer Graphics Lecture

43/168



Coordinate systems - Homogeneous coordinates

Homogeneous coordinate properties

I In the projective plane the point and the line, in the projective space the point and pla
are dual entities
I Be careful, not everything is valid in the projective space that was valid in the Euclidez
I One point does not split a line into two! But two points do!
I One line does not split the plane into two! But two di erent lines do!
I The line segment between two points is not unique!

[x, y, h]

/ 52
b, Xl 1, y/ 1 I
d

X,

\J
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Curves and surfaces - Table of contents

Curves and surfaces

Surfaces

H Curves and surfaces
Lines and planes
Curves
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Curves and surfaces - Motivation

Curves and surfaces

I Motivation

I We can now represent the points of the plane or space by numbers (their coordinates)

I How can we representice sets of points, e.g. a line in the plane or a plane in space?

I We seek the answer to this in the Cartesian coordinate system
I Informally, the curves and surfaces are special subsets of space - i.e. they are sets of
I How can we de ne these - usually in nite sets?

I explicit: y=f(x) ! what happens when the curve folds onto itself?

I parametric: p(t) = ;8 12 R

I implicit : f(x;y) =0, for example:x?+ y> 9=0
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Curves and surfaces - Lines

Implicit equation of line with a point and normal

I High school:y = mx + b. Problem: vertical lines!
| Let p(px; py) be a point on the line and = [ny;n,]" 6 0 a vector, anormal
perpendicular to the line.
I All x(x;y) points of the plane that satisfy the following are exactly the points of the line
. p;ni=0 =) (x pJInx+(y py)ny=0
I Two half-planesix  p;ni < Oandlx p;ni >0

p v
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Curves and surfaces - Lines

The homogeneous implicit equation of the line on the

The equationax + by+ ¢ =0 is the implicit equation of the line on the plane

| In the previous representation, choosiag ny, b= ny andc= (pxnx + pyny),
a’+ I? 6 0 we get the implicit equation of the line going through with normaln

| If a2+ b? =1 then this is theHesse normal form
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Curves and surfaces - Lines

Homogeneous implicit equation with determinant

I Let p(px; py) andq(a;qy) be two distinct points on the line. A point(x;y) belongs to
the line if:

I This determinant is twice the signed area of the triangle spannes by, g which
vanishes whenever they are collinear.

p v
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Curves and surfaces - Lines

Parametric equation of lines

I Let p(px; py; Pz) be a point on the line and = [vx;vy;vz]T 6 0 adirection vector of
the line (a vector parallel to the line):

2 3 2 3
X(t) Px + tvx
x(®)=p+tv=4aym5=Ip+ 8§  (t2R)
z(t) p; + tv;

| Let p andq be two points of the line. The previous form can be attained by setting
v=q p: 2 3
(1 t)px + tox
xM=p+ta@ p=930 op+ab (2R
(1 t)p+tg

I Note that the above is linear interpolation or the barycentric interpolation of tw{o@ac@s
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Curves and surfaces - Lines

Lines

I A'line can be represented in the projective plane bylthe-coordinate triplet
e =[er; e;es3]. Apointx =[x1;X2;x3]" belongs to the line i
he;Xi = e;x1+ epxo+ e3x3=0
I This goes for the ideal line of the projective plarj6;0; 1] are the line-coordinates of the
ideal line, since all points of the foriry; x»; 0] will satisfyhe; xi =0
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Curves and surfaces - Planes

Implicit equation of the plane using a point and normal

| Let p(px; py; P) be a point on the plane and = [ny;ny; n,]" be a vector perpendicular
to the plane. Thenx is a point on the plane i:

hx p;ni=0

| Half-spacestx p;ni <0, lx p;ni >0

_—
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Curves and surfaces - Planes

Homogeneous implicit equation of the plane

The implicit equation of the plane is in the forax + by+ cz+ d =0

| From the previous slide choosimg= ny, b= ny, c= n; andd= nypx
determines the plane going trough with n perpendicular to it

| Hesse normal-forma? + b* + ¢ =1

NyPy  NzPz
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Curves and surfaces - Planes

Homogeneous implicit equation with determinant

I Let p(px; Py; P2), A(0k; Gy; &), r (rx;ry;rz) be three, a nely independent points. Ther
lies on the plane spanned lpyq;r i

X y z

Px Py Pz

& 4 G
rx ry rz 1

e

This determinant is the signed volume of a paralelepipedon with gidex;q Xx;r X.

o
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Curves and surfaces - Planes

Parametric equation of the plane using three points

I Letp;q;r be three a nely independent points. Then all points belonging to the plane
spanned byp; g;r can be expressed in the form
X(s;t)y=p+s(q@ p)+t(r p)
wheres;t 2 R.
I This is a barycentric form, just like in the case of the parametric line through two point
x(s;)=(1 s tp+sqg+tr
since(l s t)+s+t=1
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Curves and surfaces - Planes

Parametric equation of the plane using a point and spanning vector

| Let p be a point of the plane and;v two, linearly independent vectors in the plane
X(s;t)= p+ su+tv
| We can get this from the previous one by settiag= ¢ p,v=r p
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Curves and surfaces - Planes

Homogeneous form of a plane

I The plane coordinates are analogous to the de nition of the line-coordinates. In the
projective space the 4-tupple= [ s1;S2; S3; S4] de nes a plane. All points
X =[X1:X2;X3;x4]" belong to the plane i
hs; Xi = S1X1 + SpXo+ SgXz+ Sgx4 =0
I Some example planes in homogeneous form:
I [0;0;0; c] ideal plane
I [c;0;0;0] the YZ plane
I [0; c;0; 0] the XZ plane
I [0;0;c;0] the XY plane
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Curves and surfaces - Table of contents

Curves and surfaces

Surfaces

H Curves and surfaces
Lines and planes
Curves
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Curves and surfaces - Curves

Parabola

I The parabola of focus poini0; p) about theY axis can be written
I implicitly asx? = 4py,
I explicitly asy = %, X 2 R, and
I parametrically agp(t) =[t; %]T, t2 R.
I How can we translate this, such that its focus point becor{@&p) + c?
I In implicit and explicit formulation one has to work the coordinates of the translation
(cx; ¢y) into the formulation (e.g.(x c)? = 4p(y cy) in implicit)
| In parametric form it is simplyp(t) + ¢
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Curves and surfaces - Curves

Circle

| Let us consider the circle of origm2 E? and radiusr > 0.
I Implicit: (x )2+ (y ¢,)%=r?
I Explicit: impossible to express the entire circle! However, a semi-circle is doable:
c= 0;r =1, wherey = 1 x%,x2[ 1;1]
| Parametric: p(t) = r[cost; sint]" + c, wheret 2 [0;2 )

Computer Graphics Lecture 60/168
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Curves and surfaces - Curves

Ellipse

| The ellipse of center point 2 E? having theX andY axes as its major and minor axes,
with major and minor radia > 0, b > 0, respectively, can be written as
| Implicit; & aﬁ*)z + U b?)z =1
| Explicit: same deal as with the circle...
| Parametric: p(t) = [ acost; bsint]" + ¢, wheret 2 [0;2 )
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Curves and surfaces - Curves

Ellipse

I How about having major and minor axes di erent from the axes of the coordinate systel
I Implicit: seems kind of elaborate... (we will re-visit this during ray-surface intersections)
I Parametric: a mere change of basis let the directions of the new major and minor axes |
denoted byk; | unit vectors. Then

p(t) = acostk + bsintl+ c; t2[0;2 )
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Curves and surfaces - Curves

Line segment

| The line connecting the two pointa; b 2 E2 can be written parametrically as
pit)=(1 t)a+ tb; (t2R)

I If t 2 [0; 1], then the above gives the line segment connecting.
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Curves and surfaces - Surfaces

Sphere

The sphere of centet(cy; cy; c;) and radiusr > 0
can be written
I implicitly asf (x;y;z) =
(x Cx)2+(y Cy)2+(z Cz)z r2=0
| parametrically as

2 3
cosu sinv

p(u;v) = rgsinusinvg +cC
cosv

where(u;v) 2 [0;2 ) [0; ].

@®
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Curves and surfaces - Surfaces

Sphere
Surface normal: 2 3
X G
I Implicit: r f(x;y;z) =2 gy Cyg (needs to
z ¢
be normalized) 5 3
cosusinv
| Parametric:n(u;v) = gsinusinvg
cosv
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Curves and surfaces - Surfaces

Ellipsoid

| Implicit; ©-50% 4+ 0_e)% 4 @ 022)23: L

acosusinv
| Parametric: p(u;Vv) = gbsinusinvg +cC (;v)21[0;2) [0 ]

ccosv

oo
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Curves and surfaces - Surfaces

Ellipsoid

Surface normal: 2 3
X Cx

aZ
I implicit: r f =2 9%% (needs to be normalized)

Z C;
c?

2 3
bccosu sinv

| parametric:n = sinv gacsinusinvg (needs to be normalized)
abcosv

& @)
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Curves and surfaces - Surfaces

Simple paraboloid

| Explicit: z = ax® + by?
I Implicit: ax>+ by> z=0
| Parametrig (derived fom explicit):

u
p(u;v) = 9 v L+c (u;v) 2 R?2
au? + bv?
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Curves and surfaces - Surfaces

Simple paraboloid

Surface normal: 2 3

2ax
I Implicit: r f (x;y;2) = 92byg (needs to be

1
normalized) 5 3
2au
| Parametric:n (u;Vv) = 2 2bvg (needs to be
1
normalized)
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Curves and surfaces - Surfaces

A word of caution

Most mathematical formulae treat axis as the up direction

This holds for the equations shown previously

However, in computer graphieg is many times axiy.

So swap the appropriate coordinates!

Note that, this changes the right handedness of the coordinate system (to left handed

@
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Transformations - Table of contents

Transformations

H Transformations
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Transformations - Motivation

Motivation

| A transformation maps a point in one coordinate system to another point in another
coordinate system

I We will need di erent coordinate systems more often than one would think! (E.g. objec
world, eye, screen)

I The complex geometric entities of our scenes are made of smaller, simpler elements
I These elements need to leought together! transformations

| The entities of our scenes can move aroundtransformations

I Our scene has to be rendered into a 2D imagetransformations
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Transformations - General properties

Transformations

| Our expectations

I de ned for all points

I map a point to a point, a line to a line, a plane to a plane

I preserve coincidence relation

I The image should be unique amdversible(provided the dimensions of the domain and the

range are the same)

I Remember: our points are stored using their coordinates in an appropriate coordinate
system

I Transformations work on these points, i.e. on the coordinates

| From now on, let us associate the points of the Euclidean sfigicéor planeE?) with the
vectors ofR3 (or R?) by setting an origino 2 E3, andtop 2 E3letp = p o0 be its
vector

Csaba Bélint (ELTE IK) CG Crash Course Computer Graphics Lecture 751168



Transformations - General properties

Linear mappings

| The mapping :R3! R3islinear,i for8a;b2 R®and 2R
| (a+b)= (a)+ (b) (additivity)
I (a= (a) (homogeneity)
I Reminder: a linear mappinfg: R" ! R™ can be represented with ah 2 R™ " matrix:
f(x)= Ax,x 2 R".
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Transformations - General properties

Projective and a ne transformations

I Transformations of the projective space/plane that map lines to lines arepthective
transformations

I A transformation that preserves lines and parallelism (maps parallel lines to parallel lin
is ana ne transformation

I Remark: a ne transformations cannot map points at in nity to nite points and vice
versa. Projective transformation, on the other hand, can.
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Transformations - General properties

Properties

I The projective and a ne transformations form an algebraic group with the operation of
concatenation, i.e.
I the group is closed under concatenation
| concatenation is associative
| there exists an identity element (identity transformation)
I each transform has an inverse (provided they preserve the dimension)

| Attention: this group isnot commutative !
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Transformations - General properties

A ne transformations

I Every a ne transformation can be written as a linear transformation followed by a
translation

| That is, they can be represented byfa2 R® 3 matrix andb 2 R3 vector:
"(X)= Ax +b

I Using homogeneous coordinates, we can use a sihgld matrix (actually a3 4 is
enough) to represent the transformation(x) = Ax + b:

" #
A b 44
[0;0;0] 1 2R
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Transformations - General properties

A ne transformations

Barycentric coordinates are invariant under a ne transformations.

Proof: let ; be the barycentric coordinates &fwrt. X;, then

X
' _ ! . .
x)="0 ix)
i=0
X
— '
= (ixi)
i=0
— L}
= it (Xi)
i=0
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Ane transformations - Translation

Translation

v+p
I Translate all points with the vectod:
x%= x + d
| We denote the matrix byl (dy; dy;d). Uﬁing homogeneé)us coordinates:
1 0 0 dy

01 0d
0 0O
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Ane transformations - Translation

Translation

o
X

OoOFrr OO
o O
N <
ONNN W

2 2
1 x+0 y+0 z+1 dx x+dx
§0x+1 y+0 z+1 dy §y+dy
0 x+0 y+1 z+1 d, z+dZ

OO N
o O o
o oOor o
P N X

I A commutative sub-group of the group of a ne transformations
I The inverse ofl (a;b;Q isT (a;b;9= T( a; b; ©
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Ane transformations - Rotation

Rotation

| Rotation in the XY plane by:

x%= xcos ysin
y%= xsin + ycos:

I In matrix form:

n # " # m # n # n #
x®  cos sin _ cos sin X
o — X . + y = .
y sin Ccos sin  cos y

| Similar in the XZ and YZ planes so...

Csaba Bélint (ELTE IK) CG Crash Course Computer Graphics Lecture 83/168



Ane transformations - Rotation

Rotations about cardinal axis

Z axis Y axis X axis
2 3 2 3 2 3
(o) s 0 Q0 c 0 s O 1 0 0 O
~fps ¢ O ) /a0 10 ) a0 ¢ s 0z,
RZ()_EO 0 1?1%' RY()_gsOcéé RX()_EOS c 05’
0O 0 0 1 0O 0 0 1 00 0 1

wherec=cos ands =sin
| The rotations along the same axis form a commutative sub-group
I They are linear transformation§ 3 matrices su ce to represent them
I The inverse of rotatioRx ( ) isRx ( )
I SinceRx () Rx(')=Rx( +")

Csaba Bélint (ELTE IK) CG Crash Course Computer Graphics Lecture 84/168



Ane transformations - Rotation

Yaw, pitch, roll

An arbitrary orientation can be attained by doing 3 rotations sequentially:

2 3 2 3 2 3
cos sin 0 cos O sin 1 0 0

R(;; ) = Qsin cos o% 20 1 o% 20 cos sing
0 0 1 sin 0 cos 0 sin cos

| Store the rotations about the three axes: Yav), X (pitch), and Z (roll)
I Common in ight dynamics and robotics

| Same as thehree matrices multipliecseen earlier

| Most of the graphics APIs have support for this
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Ane transformations - Rotation

Rigid body transformations

I The translations and rotations are rigid body transformations
| They preserve distances and angles

| Their determinant is 1

| Important in physics simulations
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A ne transformations - Scaling

Scaling

I Shrink and expand the object independently along xhg; z axes
| Matrix: 2 3

550 o]

x

O o

S(sx;Sy;Sz) = E

oo o
wn
N
-, O O o

o O o
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A ne transformations - Scaling

Special case: Mirroring

| If at least one ofsy;sy;s, < 0
I if exactly 1 is negative: mirror the point to the plane spanned by the axes of the
non-negative coe cients
| if exactly 2 are negative: mirror to the third axis
I if all 3 are negative: mirror to the origin

I Attention: if sysys, < 0, the winding (handedness) of our coordinate system changes!

I Using the basis vectoiisj; k of the canonic base
"(p) = (xi+yj+zk)= x (i) +y () + 2 (k)
| If the determinant of a transformation matrix is negative, then it changes the winding c

the coordinate system (left handed right handed, and vice versa)
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A ne transformations - Scaling

Special case: Orthographic projection

I If one ofsy;sy;s; is zero:

I 1 zero: orthogonal projection to the plane spanned by the other two axes
| 2 zeros: project onto the non-zero axis
I all 3 are zeros: project to the 'origin'...

I Remark: the determinant is zerQ! there is no inverse!
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A ne transformations - Shearing

Consider a deck of cards:
[ | [ |
1 | | 1 | |
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A ne transformations - Shearing

Shear of thex;y coordinates proportional to the coordinates:
3

oOor o
ORr T D
= o O

In general:

w

OO r D
or 0T
= o O
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A ne transformations - Change of basis

Change of basis

I Leti;j;k be the canonical orthonormal base, anglv; w the new orthonormal basis
vectors (wrt. i;j; K)

| What will be the newx°=[x%y% 29" coordinates (in the new base) of the point
x =[x;y;z]" (in the old base)?

x=[uT;vT;wTx°=Bx% =) x%°=B x=BTx

2
Uy Uuy uz O
Vx Vv vz O
wy wy w; O
0O O 0 1

| If the origin has changed to, then the matrix of the change of basis
M=B T( &; ¢ )

| Since the bases are orthonormdl = B 1 is the following:M = §

S
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Ane transformations - Additional notes

Commutativity counterexample

Matrix multiplication (and concatenation of transformations) is not commutative, i.e.

ABv 6 BAvV

Rotation followed by translation Translation followed by rotation
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Ane transformations - Additional notes

Transformation of normal vectors

I Consider the following example:
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Ane transformations - Additional notes

Transformation of normal vectors

I Consider the following example:
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A ne transformations - Transforming surface normals

| Let us consider the implicit equation of the tangent plane:
hx p;ni=0
I Then for an arbitrary, invertibleA matrix:
A *A(x p);ni=0
T
A A(x p) n=0
(A(x p)T(A HTn=0

| Using the properties of the dot product and matrix multiplication
T
PA(x p); Al ni=0

| Thus, transform the normal vectors by the inverse transposa deg.: A T)!
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Projective transformations - Overview

General case

If the last row of the transformation matrix is nd0; 0; O; 1], then it is alinear homogeneous
transformation (a transformation that is linear in the homogeneous space, but not necessa
linear in the Euclidean) This is what we need for perspective projections!

Perspective transform
| Projection from a point onto a plane (central projection)
| Let that point be the origin, and the plane by parallel to ther plane atz = d
I Viewing frustum
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Projective transformations - Overview

Perspective transform
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Projective transformations - Overview

Homogeneous division

I If M is areal projective transformation, its last row is n¢®; 0; O; 1]T, i.e. after
[X;y;z;w]=Mv =) wél

| We need to divide all the coordinates by the last coordinatéprovidedw 6 0) this is
the homogeneous division
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Projective transformations - Overview

Central p

x0= 2d; y°= Y4, 0= Zd=d
z z z

®

a Balint (ELTE IK) CG Crash Course Computer Graphics Lecture 99/168




Projective transformations - Overview

Central projection

| Let the origin be the point of projection, the plane onto which we project iszhe d

plane. Then the matrix is: 2 3
1 000
Eo 10 g
0 01
002%o0

| We get the same formulas as before after we apply the homogeneous divisio§ with
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Projective transformations - Overview

Transformation matrices

In summary, transformations will b& 4 matrices:

o X

3x3 s
_ = y
linear g Z
projective 1

Attention: points and vectors are column vectors, therefore tieetors are on the right side
of matrices during this course.
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Graphics Pipeline - Table of contents

Graphics Pipeline

H Graphics Pipeline
Transformations
Clipping
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Graphics Pipeline - Overview

Raytracing vs incremental image synthesis

Raycasting
For every pixel on the screen:
For every object (geometry) in the scene:
Does the ray of the pixel intersects the object?

Incremental image synthesis

For every object (geometry) in the scene:
For every pixel on the screen:
Does the projection of the object contain the pixel?
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Graphics Pipeline - Overview

Raytracing vs incremental image synthesis

I Advantages of raytracing:
I Wide range of geometries (almost the only restriction: carry out ray-surface intersection
e ciently)
| Easy to implement using recursion
It handles light as particles e ects related to the particle nature of light are simple to
implement
| Disadvantages of raytracing:

I Computationally expensive (intersection test with all objects, for every pixel!)

I Global algorithm: in order to compute the color of a single pixel, you need access to the
description of the entire scene

I 1t is harder to simulate the wave properties of light

I Slow for real-time applications
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Graphics Pipeline - Overview

Graphics pipeline Motivation

| Speed up image synthesis by changing the loop ordering in the raycast/raytrace
pseudo-code

I In the new loop order the e ciency of the algorithms greatly depends on how easy it is
determine whether a pixel is inside the projection of a geometry or not

| Thus the range of appropriate geometries is much more najroin practice, this means
linear geometries (e.g. lines, triangles), so calieanitives

I Nonlinear geometries have to be approximatézséellated) by linear elements
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Graphics Pipeline - Overview

Real-time

Avoid unnecessary computations: pre- Iter the geometries so that we cull (throw away)
every geometry that is guaranteed twt end up on the screen (because e.g. they are
behind us, etc.)

Let us carry out every operation in a coordinate system that is a best t to the problernr
Use the results of the previous computations to speed up things

Coherence: instead of pixels, base computations on bigger elemermismitives
Useobject space precision (instead of pixel precision)

Clipping: cull every part of the primitives that lie outside the screen

Incremental synthesis: use the information computed for the bigger elements to resolv
the shading and occlusion problem (e.g. the slope of the primitives w.r.txthedy)
coordinates
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Graphics Pipeline - Overview

Graphics Pipeline

1. Transform every single vertex into thilormalized Device Coordinates (NDC)
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Graphics Pipeline - Overview

Graphics Pipeline

1. Transform every single vertex into thilormalized Device Coordinates (NDC)
2. Assemble every primitive from the transformed coordinates
3. Clip every primitive to the viewport window
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Graphics Pipeline - Overview

Graphics Pipeline

1. Transform every single vertex into thilormalized Device Coordinates (NDC)
2. Assemble every primitive from the transformed coordinates

3. Clip every primitive to the viewport window

4. Rasterize all the primitives creating fragments
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Graphics Pipeline - Overview

Graphics Pipeline

1.
2.
3.
4,
5.

Transform every single vertex into thelormalized Device Coordinates (NDC)
Assemble every primitive from the transformed coordinates

Clip every primitive to the viewport window

Rasterize all the primitives creating fragments

Interpolate the vertex attributes for every single fragment

Csaba Bélint (ELTE IK) CG Crash Course Computer Graphics Lecture

107/168



Graphics Pipeline - Overview

Graphics Pipeline

1.
2.
3.
4,
5.
6.

Transform every single vertex into thelormalized Device Coordinates (NDC)
Assemble every primitive from the transformed coordinates

Clip every primitive to the viewport window

Rasterize all the primitives creating fragments

Interpolate the vertex attributes for every single fragment

Colorize every single fragment using textures arghading model
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Graphics Pipeline - Overview

Graphics Pipeline

Transform every single vertex into thelormalized Device Coordinates (NDC)
Assemble every primitive from the transformed coordinates

Clip every primitive to the viewport window

Rasterize all the primitives creating fragments

Interpolate the vertex attributes for every single fragment

Colorize every single fragment using textures arghading model

. Decide for each fragment whether it is visible and how, and blend the value according

No o brwDdRE

@
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Graphics Pipeline - Overview

Graphics Pipeline How do we optimize?

1.
2.
3.
4.
5.
6.
7.

Transform every single vertex into the Normalized Device Coordinates (NDC)
Assemble every primitive from the transformed coordinates

Clip every primitive to the viewport window

Rasterize all the primitives creating fragments

Interpolate the vertex attributes for every single fragment

Colorize every single fragment using textures and a shading model

Decide for each fragment whether it is visible and how, and blend the value according

®
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Graphics Pipeline - Overview

Graphics Pipeline parallelization

1.
2.
3.
4.
5.
6.
7.

Transformevery single vertex into the Normalized Device Coordinates (NDC)
Assembleevery primitive from the transformed coordinates

Clip every primitive to the viewport window

Rasterizeaall the primitives creating fragments

Interpolate the vertex attributes foevery single fragment

Colorizeevery single fragment using textures and a shading model

Decidefor each fragment whether it is visible and how, and blend the value according|

®
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Graphics Pipeline - Overview

Graphics Pipeline parallelization stages

1.
2.
3.
4,
5.
6.
7.

Transformevery single vertex into the Normalized Device Coordinates (NDC)
Assembleevery primitive from the transformed coordinates

Clip every primitive to the viewport window

Rasterizeall the primitives creating fragments

Interpolate the vertex attributes foevery single fragment

Colorizeevery single fragment using textures and a shading model

Decidefor each fragment whether it is visible and how, and blend the value according|

@
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Graphics Pipeline - Overview

Comparison

Ray-tracin : .
Incremental image synthesis
erformed per pixe m—
| P > P bp | | performed per primitive
anything can be a geometry as long as , . N
anything ¢ 9 Y 9 | anything that is not a primitive has to
it can be intersected by a ray be approximated
| re ection, refraction, shadows are o .
inherentl’y part of th’e computation I individual algorithms for each e ect
. S | several algorithms for occlusion tests
| occlusion resolution is trivial

o . | orders of magnitude less computation
I many rays per pixel: expensive
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Graphics Pipeline - Overview

Graphics

I A pipelineis a chain of data processing elements, arranged such that the input of stag
is the output of the previous stagg 1, and the output ofs; is the input ofsj.+1

I If one can decompose a problem into arstage pipeline (each stage taking roughly the
same time),n elements can be processed per unit time after the initial startup and n¢
pass-through

I The graphics piplinds a set of operations that we have to carry out primitivesin order
to render them to the screen

I This is accompanied by several change of basis transformations so that every operatit
carried out as e ciently, as possible

Csaba Bélint (ELTE IK) CG Crash Course Computer Graphics Lecture 112/168



Graphics Pipeline - Overview

Graphics

I General overview of steps:
I Transformations
I Clipping
I Homogeneous division
| Rasterization and interpolation
|
|

Shading
Display
Transformation — Clipping » Homogeneous div.
Display -— Shading -t— Rasterization

| The output of the graphics pipeline is a picture: a 2D array consisting of colors
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Graphics Pipeline - Overview

Graphics pipeline inputs

I The geometric model of the scene (=list of primitives to be drawn)

I Optical model of the scene geometries

I The attributes of thevirtual camera (point of view and viewing frustum)
| Screen boundaries
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Graphics Pipeline - Transformations

Transformations

I Transformations operate on the vertices of the primitives
1. Model coordinate system
=) transformations : move, rotate, ect. =)
2. World coordinate system
=) 'lookAt" =)
3. Camera coordinate system
=) projective transformation =)
4. Normalized device coordinate system
=) orthographic projection =)
5. Screen coordinate system
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Graphics Pipeline - Transformations

Coordinate systems

| Model CS: The own, individual coordinate system of each object.

I World CS: The actual CS of the world (scene), where every object has its own positio
In general, we think in terms of the world CS.

| Camera CS: A CS with origin at the camera position and axes aligned to the camera
attributes.

I Normalized device CS: The GPU's internal CS| 1;1] [ 1;1] [ ;1] or
[ 1] [ 11] [01]

I Screen CS:A left-handed CS, conforming to the current display properties. Units alon
the axes are pixels. The origin is at the top-left corner.
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Graphics Pipeline - Transformations

world) transformation

| It should transform the object from its own CS into the common, world CS

I Generally, it's unique for every object

I Almost always a sequence of a ne transformations, represented by a sihgld matrix
I We call theseworld or model in our code
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Graphics Pipeline - Transformations

camera) transformation

I Aligns the world CS with the camera

I This is translation followed by a change-of-basis transformation, represented by a sing
4 4 matrix

I In our code: this is theriew or camera matrix
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Graphics Pipeline - Transformations

camera) transformation

I It can be speci ed similarly to the ray-casting case:
eye;center ;up
| The camera CX;Y;Z axes are then:

_eye center
“jeye center j
_up w
jup  wj
V=w u

up

\gﬂ/uevnter
Y @ o
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Graphics Pipeline - Transformations

View (camera) transformation

| Let the origin be ateye, with axesu;v;w:

2 3 2 3
Uy Uuy Uuz O 1 0 0 eys
To: EVX Vy Vg OZ §0 10 eyeyz
VIew = 2wy wy w; 05 40 0 1 eye
O 0 0 1 0 0O 1

Instead, however, let's talk about perspective projection
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Graphics Pipeline - Transformations

Projection perspective

I Actually, this is more than just a simple central projection
| First, we need the camera projection properties:

I horizontal and vertical eld-of-view fovx, fovy) or either of them and theaspect ratio of
the width and height of the display
I distance ofnear andfar planes

2 3
1=tan 9% 0 0 0
0 1=tan "% 0 0
Tprojection = far + near 2 near far
0 0
far near far near
0 0 1 0

How do we get such a transformation?
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Graphics Pipeline - Transformations

Projection perspective

1. Transform the space such that the projection de ned by (fovx, fovy) turns (4o )
(this is a simple scale)

2. Carry out the central projection (this is the actual projective transformation)
3. Map thenearandfar planes toz= 1andz =1, respectively
Reminder: at this stage the origin is the camera position!

(-1.1,1)

(1.-1,-1)
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Graphics Pipeline - Transformations

Projection step 1: normalize frustum

2 . 3
1= tan = 0 0
T 1—tan fow 0 0
Projection 1 1
o 01 @
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Graphics Pipeline - Transformations

Projection step 2: make lines of central projection parallel

2
10 0 0
0 1 0 0
TP rojection » — far + near 2 near far
00 far near far near
00 1 0
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Graphics Pipeline - Transformations

Central projection through the origin

| Central projection along th& axis, onto a plane parallel t§Y , at distanced from the

origin: 2 3
%
0

| We project onto thed = 1 plane, soz 2 [ far; near].

1

i

00

or o
S e Ne)
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Graphics Pipeline - Transformations

Transform to Normalized Device Coordinates

| Map thenearandfar planestoz= 1landz=1

far + near 2 near far
far near far near

1z

z
z 7!

I The last division is the homogeneous division which is done by the GPU
1,1, 1)

(1,-1,-1)
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Graphics Pipeline - Transformations

Transform to Normalized Device Coordinates

2
10 0 0
go 1 0 0
far + 2 f

0 0 & hear far mear
0 0 1 0

(-1,1,1)

(1.-1,-1)
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Graphics Pipeline -  Clipping

| Clipping has to be done before homogeneous division
| For example, consider a line segment starting in front and ending behind the camera
I The transformed (projected) line segmentrist the connection of the projected endpoints
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Graphics Pipeline - Clipping

Clipping using homogeneous coordinates

Let [Xn; Yh; Zn;WIT = Tprojan [Xy; 25 1]
If the projected coordinates should be witHin1; 1], then forw > 0 we get

W<Xp<W
W<yh<w
W<zh<w

as a clipping condition.
If any of the above containments do not hold, the primitive of the vertex should be clip
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Graphics Pipeline - Rasterization

Rasterization
Voo Vs Vi Vs Vi Vs Va %
Vse LAY VE/ \Vz Vsd V2 V5<:>Vz
| For each clipped primitivediscretize the v N a— Vi
geometry GL_POINTS GL_LINES GL_LINE_STRIP GL_LINE_LOOP
| Every pixel-worth chunk of the geometry .3 D
becomes dragment VSOVZ ; J
. . . Vs Va2
| Using the barycentric coordinates of eact N Nl Ve W v
fragment (with respect to the 3 vertices o 6L_POLYGON GL_TRTANGLES 6L TRIANGLE STRIP
the triangle), weinterpolate every ¥ v Vs v, Vs
. . 3 Vs
attribute for the fragments (not just va v;ﬁ] ,ﬁ“ v%w
.. Vg 4
position, but color, normals, etc. as well) ¢ : Ve v
GL_TRIANGLE_FAN GL_QUADS GL_QUAD_STRIP
OpenGL Primitives

Csaba Bélint (ELTE IK) CG Crash Course Computer Graphics Lecture 130/168



Graphics Pipeline - Rasterization

Rasterization of primitives

O"""_'_FFF.D

Csaba Bélint (ELTE IK) CG Crash Course Computer Graphics Lecture 131/168



Graphics Pipeline - Rasterization

Rasterization of primitives

sEENEEENS
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Graphics Pipeline - Shading

More on this later
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Graphics Pipeline - Display

Occlusion

I Occlusion resolution is important
I The real-time industry went with the z-bu er
| But let us see some other approaches too
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Graphics Pipeline - Display

Painter algorithm

| Order the objects from farthest to closest
| Draw things starting from the farthest
| Problem: there is no guaranteed ordering
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Graphics Pipeline - Display

Z-bu er

I Allocate a secondary bu erdepth bu er ) to store depth values for every pixel

I When determiningbcclusion for a fragment: check if the fragment's depth is closer thar
the distance stored for the pixel

I If closer: write the color to the framebu er and update Z-bu er for the pixel (must be ar
atomic operation)

| Else:discard the fragment
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Graphics Pipeline - Display

ptimization Backface culling

I May be used for the rendering of a single, closed convex object possessing a volume

I Do not render triangles that are not facing us

I Not facing us = its vertices are either clockwise or counter-clockwise (depends on
convention)

| Used in general too: you can roughly shave o half of the triangles (but you need
volume-like geometries!)

Csaba Bélint (ELTE IK) CG Crash Course Computer Graphics Lecture 137/168



Raycasting - Table of contents

Raycasting

H Raycasting
Raycasting
Ray creation
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Raycasting - Motivation

The Draughtsman of the Lute Albrecht Durer, 1525
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Raycasting - Motivation

Pinhole camera

| Let us consider each pixel as a small window to the world

Csaba Bélint (ELTE IK) CG Crash Course Computer Graphics Lecture 140/168



Raycasting - Motivation

Pixel-sized hole

I What color shall we paint this window, so that we end up with an image that looks like

reality? @ ®)
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Raycasting - Raycasting

Raycasting

For each pixel:
Construct a ray r from the pixel

For each object o in the scene:
Compute intersection of r with o

Pixel color = closest intersected object's color
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Raycasting - Raycasting

I Aray* has apg origin and av direction
| The parametric form of the ray is then

p(t)=pott v (t>0)

INot to be confused with Rey from Star Wars.
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Raycasting - Ray creation

Ray creation

1. How to compute pg, v for a given pixel (i;j)?
2. How to intersect anything with a ray?

\g}/ﬁefntcr
" @ J

Camera properties

| Camera positiondye 2 E3),

| Look at point center 2 E3),

| Up direction (ip 2 R3),

| Horizontal and vertical eld of viewovx; fovy 2 R.
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Raycasting - Ray creation

Ray creation

Let us nd the right-handedu; v;w orthonormal base of the camera!

| Let the camera face Z:
eye center

W =
keye center k»

I Let the X axis be perpendicular tv andup:

S U W
"~ kup  wko

| LettheY axis be perpedincular t§ andZ:

v=w u
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Raycasting - Ray creation

Coordinates of the

N\ Let the plane, onto which we are projecting, be 1 unit
away from the origin€ye. The p(t) = po+ tv (t> 0)
™ N ray for pixel(i;j ) is:
o - . _ P eye
zeye+( U+ v w); v= —
o — ] Pem e ) kp(i]) eyeks
_w —
ere — (o | [ where
| ) _ tan fovx i width=2
) - 2 width=2 "’
ol iy fOVY  height=2
Ve - 2 height=2
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Ray intersections - Table of contents

intersections

H Ray intersections
Ray plane
Ray triangle
Ray polygon
Ray sphere
Transformed objects
Ray AAB
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Ray intersections - In general

intersections

I Let us consider the parametric form of the ray(t) = po + tv, where in the following we
presume thatkvk, =1
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Ray intersections - In general

implicit surface intersection

| Implicit surface:f (x) = 0, wherex 2 E3
| Let us plug the parametric ray's equation into the implicit equation of the surface!

f(p(t)=0

| Lett be a root off (p(t)).
I t> 0: the ray intersects the surface. (Object intersection is in front of the camera)
I t=0: the ray starts from the surface.
I t< 0: the ray does not intersect the surface. (Intersection is behind the camera)

s(t) =py+t-vo
Py Vo Ray

First intersection

{f<o0}
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Ray intersections - In general

parametric surface intersection

I Letr(u;v) = [ryx(u;v); ry(u;v); r,(u;v)]" be a parametric surfacéy;v) 2 [a;0 [c;d]
| Solve fort;u;v:
p(t) = r(u;v)
I If (t;u;Vv) is a solution, thert > 0, (u;Vv) 2 [a;b] [c;d] has to be veri ed as well.
| Parametric ray parametric surface intersections are usually hard to solve
I If you do solve it, you get texture coordinates too.
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Ray intersections - Ray plane

plane intersection
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Ray intersections - Ray plane

plane intersection

I Implicit plane: Ax + By +§z§ D =203

X0 X
I The rayp(t)= po+ tv = ﬁyog + tﬁyg intersects the plane for-s such that

Solve it fort:

The ray intersects the plane in front of the camera ¥ 0

Csaba Bélint (ELTE IK)

Z0 z

A(Xo+ tX)+ B(yo+ ty)+ C(zo+ tz)+ D =0

t(Ax + By + Cz)+ Axo+ Byp+ Czp+ D =0

Axop+ Byp+ Czp+ D
Ax + By + Cz

t=
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Ray intersections - Ray plane

plane intersection, plane given by a point and normal

| Thus,
| Let qo be a point of the plane and its (= MiGol h nipol _ Mido poi.
normal m;vi ;vi
| The implicit equation of the plane: | The ray's line intersects the plane in fron

of the camera it > 0.

n; i=0 (q2R®
4 (d ) I hn;vi =0: the plane is parallel to the ray

I Plug p(t) into q:
;po+ tv qoi =0;

;poi + thn;vi h n;qoi =0;

&
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Ray intersections - Ray plane

parametric plane intersection

| Let the plane be given by one of its pointg,and two spanning vectors;j :
s(u;v) = g+ Ui +vj
I Intersection with the rayp(t) = po+ tv: nd t andu;v such that

p(t) = s(u;v)
pottv=q+ui+vj =) po Qq= tv+ui+tyj
I In matrix form: 2 3 2 32 3

pOX q< Vx ix jX t
2p0y q)/g = 2 Vy iy Jygﬁug
pOZ CIz Vz iz jZ V

| The previous can be solved v;i;j are linearly independent
I Intersection in front of the camera it> 0
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Ray intersections - Ray triangle

triangle intersection (Tomas Moéller and Ben Trumbore, 1997

| Triangle is given as a convex barycentric combination of its vertigésc:
r(u;vy)=(1 u v)a+ ub+ ve (u;v;u+ v 20, 1)

I po+ tv =r(u;v) equation is to be solved far; v;t, after rearranging:

2 3
h i t
v b ac a ﬁug =pp a
v
| Using the Cramer's rule:
2 h i3

2t3 det RO ab ac a
8 1 . :
ugz h i det, v po a ¢ a,
v det v b a c a h |

det v b a po a
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Ray intersections - Ray triangle

triangle intersection (Tomas Moéller and Ben Trumbore, 1997
2 h i3

2,[3 det RO ab ac a
1 . :
ﬁug = h i E det, v ppo a ¢ a. %
v det v b ac a h !
det v b a po a
h [
| Determinants expressed as triple produatiet x y z = y;zi, (X;y;z 2 R%
2 3 2 3 2 3
G- L B wie e Bk iepid
v (€ ayb ai = o' 5y (b a) vi abi ey
where
ab=b a ac=c a ap =pe a
f=v ac g=ap ab @U@
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Ray intersections - Ray triangle

triangle intersection (Tomas Moéller and Ben Trumbore, 1997

| Therefore, the nal formula is

2 3 2 3
t 1 hg;am_
ﬁu%: - abi h‘;aplzs
Y, »apl hg; vi
where
ab=b a ac=c¢c a ap =po a
f=v ac g=ap ab:

| There is an intersection with the triangletifu;v; 1 u v values are non-negative
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Ray intersections - Ray polygon

gon intersection

| Let the polygon be a planar polygon. The jﬂ
intersection can be tested in two steps: D[

I Intersect the ray with the polygon's plane
| Test whether the intersection point is inside the
polygon or not
I The second step once again can be done in a plane
(either in the polygon's or a coordinate plane)
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Ray intersections - Ray polygon

gon containment test

I A point is inside the polygon if an arbitrary half-linea() starting from that point has an
odd amount of intersections with the edges of the polygon

| Other idea method via the winding number.
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Ray intersections - Ray polygon

-line segment intersection

The line segment spanned between the two consecutive points of the polygon
di = (Xi;Vi);di+1 = (Xj+1;Yi+1) has the parametric form

dij+1(8)=( s)di + sdi+1 = dj + s(di+1  di);  s2[0;1]

Let us intersect it withp(t) = po + tv, wherepg = ( Xo;Yo) (Wherepy is the intersection of
the ray and the plane, and is the projection of the direction in the plane)

Need to solvep(t) = d;;j+1(s) for s 2 [0; 1];t> O
Let v =(1;0) since we may choose any direction.

Yo Vi
Yi+1 Vi

Csaba Bélint (ELTE IK) CG Crash Course Computer Graphics Lecture 160/168

Solve for Y direction only(dii+1)y = Yi +S (Yis1 i) = Yo, thatis: |s=

If s2[0;1] ort < O the ray does not intersect the line segment




Ray intersections - Ray sphere

- sphere intersection
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Ray intersections - Ray sphere

sphere intersection

| The c = (c;cy; c;) centered, radius sphere's equation is:

(x ©)?+(y ¢)?+(z ¢)* r?=0

h cp ci r?=0; p=(xy:2)

| Let pg be the ray's origin and its direction
| Substituting the ray's equation into the plane's

hpo+ tv c;po+tv ci r2=0

t’hv;vi +2thv;po ci+hpo c;po ci r?=0

T~

~_
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Ray intersections - Ray sphere

sphere intersection

t’hv;vi +2thv;pg ci+hg cipo ci r?=0

Quadratic equation irt with discriminant
D=@Rh;po ci)? 4hv;vi(hpo c;po ci r?)

If D> 0: two solutions, the smallest positive is the intersection in front of the camera
If D =0: one solution, ray is tangential
If D < 0: no intersection

T~

~_
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Ray intersections - Transformed objects

Transformed objects

Theorem
The intersection of the ray and an object transformed by transformatid

the intersection of the transformed ray !r and the non-transformed object transformed by

I M 2 R* 4 homogeneous transformation

| Ray's origin:po = (Px; Py;Pz) ! [Px; Py: Pz 1T

| Ray's direction:v = (vy;Vy;Vz) ! [Vx;Vy;Vz; 0]T. Translation inM does not a ect it.
| Transformed rayry (t)= M p+t M lv
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Ray intersections - Transformed objects

Transformed objects

| Intersection query: usey (t)!

I If the intersection in the model spaceds then in the world space it iM g.
| Distances change unles4 is a rigid transformation

| Pay attention to normal vectorsM T n

@E=F-
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Ray intersections - Ray AAB

intersection

Axis aligned box (AAB

AAB = axis aligned box, the sides of the box are parallel to the coordinate planes
Let p(t) = po+ tv be a ray, whergo = ( Xo; Yo) andv = (vy;Vy)
Let us represent the AAB by the endpoints of its diagormand b, wherea < b

YA YA YA
b=[54T b=[54T 'E[Z"j,] b=[54T
v:[}] te[03] v:m te[03] v:m
po:m a=[3,1]" pg:m a=[3,1]" pu:m a=[3,1]"
> > >
X -, X X
te[24] te[24]
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Ray intersections - Ray AAB

Axis aligned box (AAB) intersection

I We check the intersection for all axis one by one, let us start with

I v, =0: the ray is vertical, there's no intersection xf 2 [ay; by]
| v 80:letty == 1 ;ty =+ 1 andty = &gXoty = beXXO

I Ifty >t,: swapt; andts

I oIft, <tq:ty =ty

I Ifty >t,: tf = 1o

| Then proceed to they and then thez coordinates
I Finally, if

I t, >t: the ray misses the box
I t; < 0: the box is behind the ray

I Else:t, is the closerf; is the farther intersection point's ray parameter
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It took - long enough

Thank you for your attention!
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Introduction - Course details

Course details

| Csaba Balint csabix@inf.elte.hu (me). Room: 2-706.
| Lecture: Tuesday, 16:15-17:45

| Exam: Explain 2 topics. You chose one, and | choose one.

I Points from practice can help your course (but do not count on it).
| Practice: Tuesday, 18:00-19:30

I Small assignment (30 points) and large assignment (100+ points)

I Work during practice ( 15 points)

| Scores above 100 points will count towards the lecture exam
I In both

I Grade boundaries: 40, 55, 70, 85.
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Introduction - Course details

Further reading

1. Edward Angel, Dave Shreineinteractive Computer Graphics: A Top-Down Approach
with Shader-Based OpenGL (6th Edition)

2. Andrew GlassnerPrinciples of digital image synthesis

3. Pharr, Humphreys, HanraharPhysically Based Rendering (From Theory to
Implementation)

4. Akenine-Mdller, Haines, Ho manReal-Time Rendering (4th edition)

5. Tekla Téth, Ivan Eichhardt, Gabor Valasek: BSc Computer Graphics Lecture slides
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Human vision - Table of contents

Human vision

H Human vision
Motivation
Eye Anatomy
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Human vision - Motivation

Motivation

| Computer Graphicsphysics simulation based on some postulates/assumptions.
I How do werepresent our virtual world (scene)?

| What algorithms do we use to render the images?

|1t depends on how we perceive the real world in the rst place

I Sensors and psychological factors

| Generate real looking images. They must look realiso
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Human vision - Motivation

Motivation fun facts

I Your eyes focus on 50 di erent objects every second.

I The only organ more complex than the eye is the brain.

I Your eyes can distinguish approximately 10 million di erent colors.

I It is impossible to sneeze with your eyes open.

I 80 percent of all learning comes through the eyes.

I Your eyes can detect a candle ame 2.7km away.

I Your iris (the colored part of your eye) has 256 unique characteristics; your ngerprint has just 40.
I Only % of your eyeball is visible.

| The average person blinks 12 times a minute (bet you just blinked!).

I The shark cornea is nearly identical to the human cornea, and has even been used in human eye surge!
I Your eye is the fastest contracting muscle in the body, contracting in less thqéﬁ of a second.

1Source: https:/iversanthealth.com/blog/15-facts-about-all-things-eyes/
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Human vision - Motivation
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Human vision - Motivation
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Human vision - Eye Anatomy

Human Eye

1. Cornea refracts light
=) strong gathering lens

2. Iris limits ( lters) light intensity

3. Lens focuses light ray onto the retina
=) adjustable lens

4. Retina contains the receptors (rods & cones)
5. Optic nerve encode and transmit data to brain

Csaba Bélint (ELTE IK) Vision, Colors, Light CG Lecture 2022



Human vision - Eye Anatomy

Near vs Farsightedness
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Human vision - Eye Anatomy

Lens

| Light coming from close objects need more
refraction

I Refraction depends on the wavelength of
the light (color)

I Muscles have to adjust the shape of the
lens to correct

I A red room feels smaller than a blue room
because the eye has to focus closer in a
red room
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Human vision - Eye Anatomy

Photoreceptors Cones

I Color perception

I 3types, S:M:L =1:4:8

| High accuracy at

| Central fovea 150000/m#n
| 6-7 million
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Human vision - Receptors

Photoreceptors Rods

I Light intensity

| More sensitive to light
I No color information

| Lower accuracy

| Peripheral vision

| Slower reaction

I 90-120 million
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Human vision - Receptors

Photoreceptors
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Human vision - Receptors

Photoreceptors normal vision vs color blind
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Human vision - Receptors

Blind spot experiment

Look at the X with your right eye while having your left one closed. How far back do you h
to sit to make the dot on the right disappear?
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Human vision - Receptors

Blind spot
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Human vision - Receptors

Signal frequenc

I A single photon can cause a signal that
lasts a few milliseconds

| Each of these are additive average in
time) low pass lter

| Critical Flicker Frequency : lowest
frequency icker seen as continuous
I Depends on several human and
environmental factors
I About 60Hz
I However, we can detedd00Hz
anomalies!
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Signal compression

Human vision - Receptors

120 million rods, 6 million congs 1 million nerves
Di erent channels:

| A =M + L achromatic channel (R + G) intensity
I R/G =M -L red minus green red-green
| B/Y =S - A blue minus achromatic blue-yellow

Neurons connect to multiple photoreceptors

JPEG compression does a similar transform!
Source: MIT
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Human vision - Receptors

Signal compression

I Neurons connect to multiple photoreceptors

I Two types of neurons: On-center and O -center
| On-center neuron:

| High positive weight on middle photoreceptors
| Small negative weight on the rest (sum is not zero)
I Enhanced resolution around edges Edge detection

| O -center neuron is opposite
I Similar to edge detection:
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Computer Colors - Table of contents

Computer Colors

Perception-based
sRGB

H Computer Colors
Color spaces
RGB
XYZ
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Computer Colors - Reminder

Reminder: Cone light absorption
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Computer Colors - Color spaces

CIE: Commission internationale de I'éclairage
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Computer Colors - RGB

CIE RGB color space

| Not the same as receptor
absorption!

| Re ectors had specic
wavelengths, but each cone has
an absorption spectrum
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Computer Colors - RGB

CIE RGB color space

| Not the same as receptor
absorption!

| Re ectors had specic
wavelengths, but each cone has
an absorption spectrum
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Computer Colors - RGB

Spectrum RGB

GivenS( ) spectrum for a light, we can calculate the RGBs as inner products:

71
R=S() r()d
0
71
G= S() g()d
0
71
B= S() b )d
0

CG Lecture 2022
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Computer Colors - RGB

RGB! XYZ

Another CIE color space: XYZ
| Average observer light intensity=)
| RGB has negative weights
I RGB! XYZ has to be linear
| Equal intensity point has to bés; %; 1)

2 3 32 3 2 32 3
X b11 b 0:49000 031000 ozooo%

— 1 —-—
Q\Z(Z,— Egbﬂ bz bzsggGZS 0176972017697 081240 00106% GGE

b3y b3, bz B 0:00000 001000 (99000 B

Csaba Bélint (ELTE IK) Vision, Colors, Light CG Lecture 2022



Computer Colors - XYZ

RGB! XYZ

Figure: RGB Figure: XYZ
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Computer Colors - XYZ

Color spaces

| RBG and XYZ are not practical for creative work

| Changing the color slightly can be di cult
| What colors are similar?

I MacAdam ellipses

I Participants recorded when two colors appear

di erent

| Similar colors appear as ellipses

I If MacAdam ellipses are circles
) Uniform color space

| If linear changes in color space appear linear
) Linear color space
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Computer Colors - Perception-based

sRGB

HP and Microsoft created the standard for monitors, printers, and internet
Linear transformation from XYZ
Non-linear Gamma correction

I for each channel

o . 129 Cinear  0:0031308_ _
T (1+a)CE%* & Cjpear > 0:0031308°
2

2 32 3

Riinear 32406  1:5372 0:4986 X

4Gjnear 2 = 4 09689 18758 0041554Y5
Blinear 0:0557  0:2040 10570 Z
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Computer Colors - sRGB

SRGB! XYZ

| Since sRGB is non-linear, vector operations are not allowed
| because energy is non-linear too!

I Image processing usually requires linear space
| Data is often stored in SRGB

| Conversion:
8 2 3 2 30 3
< Cergp  0:04045 X 0:4124 03576 01805 Rjnear
Ciinear = . Comp +a 24, _ 4y5 = 40:2126 07152 00725 4 Gjpea B
© “ta 0 Cee> 004045 7 00193 01192 09505  Binear
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Physics of Light - Table of contents

Physics of Light

H Physics of Light
Motivation
Properties of light
Speed of light
Light as a wave
Blackbody radiation
Photoelectric e ect
Relativity
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Physics of Light - Motivation

Motivation
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Physics of Light - Motivation

Motivation

I Goal: simulate how light behaves to render realistic images

| Build a mathematical model, create data structures, and algorithms
I We must understand how light behaves

| Capture core properties and disregard the rest

I 42
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Physics of Light - Properties of light

Light as a wave

Most of the properties of light can be explained with how waves behave.
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Physics of Light - Properties of light

Light as a wave properties

I Waves can do:
I Absorption

| Re ection

I Refraction

| Diraction

I Interference
| Polarization
| Dispersion

| Longitudinal andrransverse
| Electromagnetic wave
| Propagation speed
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Physics of Light - Properties of light

Light as a wave monochromatic waves

Frequency
I color, speed / wavelength

Amplitude (intensity)
Direction of propagation
Polarization

Phase (relative)

Csaba Bélint (ELTE IK)

Vision, Colors, Light

CG Lecture 2022



Physics of Light - Properties of light

What is light?

| Electromagnetic wave

I Wave in electric eld induces wave in magnetic eld and vice versa because of the Maxwe
equations

| Transverse wave (not longitudinal)
| Polarization : direction of displacement of the Electric eld
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Physics of Light - Properties of light

Electromagnetic spectrum
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Physics of Light - Speed of light

Speed of light

I Speed of light in vacuumec = 299792458m/s
I Low Earth Orbit (LEOQ) 7 km/s (0:002%c)
| Parker Solar Probe (PSP) 200km/s (0:064%c)

I De nes the speed of every reaction (also the speed
of time...)
| The de nition of 1 meter:

I The length of the path travelled by light in a
vacuum inm of a second.
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Physics of Light - Speed of light

Roemer: lo's Shadow on Jupiter
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Physics of Light - Speed of light

Measurements of the speed of light

Csaba Bélint (ELTE IK) Vision, Colors, Light CG Lecture 2022



Physics of Light - Light as a wave

Di raction
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Physics of Light - Light as a wave

Interference
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Physics of Light - Light as a wave

Re ection

Vi=V 2n hn;vi

Householder transformation in linear algebra.
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Physics of Light - Light as a wave

Refraction

I Snell's law: _
sin 1 _ Vi _ Ny
sin o v, m
The refracted ray can be calculated as follows:

0 s 1

12

\ cos Sin
Vi= —+n A 1 5 A

where = Q—i See refract in GLSL.

Index Of Re ection (IOR)
I function of wavelength!
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Physics of Light - Light as a wave

Refraction and mirage

Mirage
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Physics of Light - Light as a wave

Dispersion
| Abbe number:

Np 1
1= Nc
I np, ng andnc¢ are the refractive indices of the material at the wavelengths of the

FraunhoferC, D, andF spectral lines§563 nm, 5893 nm, and486.1 nm respectively)
| Problem in cameras

I Chromatic aberration

VD =
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Physics of Light - Light as a wave

Dispersion

Csaba Bélint (ELTE IK) Vision, Colors, Li



Physics of Light - Light as a wave

Polarization
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Physics of Light - Light as a wave

Doppler Shift
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Physics of Light - Light as a wave

Doppler Shift measuring astronomical distances

| We can measure speed accurately
I How do we measure distancg? Parallax
| Standard candl§ magnitude! distance
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Physics of Light - Light as a wave

Background radiation

| Measure Hubble-s constait Size of the universe
| CMB (cosmic microwave backgroundl) Big Bang
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Physics of Light - Blackbody radiation

radiation

Some important questions:
| Why does lava glow?

| Why is it red?
I What glows in blue?
2h 3 1
B (;T)=
CT)= 2 g=a 1
_ 20K ol
15 c2h3
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Physics of Light - Blackbody radiation

radiation

Csaba Bélint (ELTE IK) Vision, Colors, Light CG Lecture 2022



Physics of Light - Blackbody radiation

Atmosphere

I Atmosphere blocks some of the blackbody
radiation coming from the sun

| Each element has an absorption spectrum
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Physics of Light - Photoelectric e ect

Helios

| Subtracting the elements of the atmosphere, the spectrum of the sun is still not the
blackbody spectrum, because each element in the sun radiates in di erent spectrums

I Helium was discovered in the sun's spectrum and named after it

I From a single dot in the sky corresponding to a binary star we can tell their mass from
doppler shift and orbital mechanics, and each of their composition from the spectrum
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Physics of Light - Photoelectric e ect

Planck's law (1900

| Blackbody radiation curves are really weird

| Even though their formula was well known, it was
lacking explanation until Max Planck.

| He quantized the amount of possible energy trans
in 1900 which explained the formula.

I The Planck constant is the smallest possible ener
value for a given frequency:

h =6:62607015 10 34J s

E = hf
2hc? 1
B(T)= ——w%—
eksT 1
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Physics of Light - Photoelectric e ect

Photoelectric e ect

I Shining light on a metal plate can decouple electrons from the metal
I Higher frequency radiation has more energy, so it moves more electrons

I Photoelectric e ect is that even high intensity but low frequency light does not generat:
electric charge in the metal plate

| This cannot be explained by the classical waveform of light
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Physics of Light - Photoelectric e ect

Photoelectric e ect

I Only large enough frequency produces current
| The e ect is instantaneous
| Current is proportional to intensity

Low frequency) more wave like

High frequency) particle like

Photon is the electromagnetic particle with = hf energy.
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Physics of Light - Photoelectric e ect

Photoelectric e ect

| Only large enough frequency produces current
| The e ect is instantaneous

| Current is proportional to intensity

| Red light in photographic darkrooms

| Ultraviolet light causes sunburn

I Photons of di erent energies trigger di erent chemical
reactions in retina cells

Low frequency more wave like

High frequency) particle like

Photon is the electromagnetic particle with = hf energy.
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Physics of Light - Photoelectric e ect

Michelson Morley (1887

I But if light is a wave, what does it propagate in2=)  Aether?
I The Michelson and Morley experiment:

I Due the rotation of Earth around the sun and its axis we should be moving at a large spe
relative to the cosmic Aether.
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Physics of Light - Photoelectric e ect

Michelson Morley (1887

I But if light is a wave, what does it propagate in2=)  Aether?
I The Michelson and Morley experiment:
I Due the rotation of Earth around the sun and its axis we should be moving at a large spe
relative to the cosmic Aether.
| The light travelling in di erent direction and speed should destructively interfere with each
other. They did not, and thus making the experiment the most famous null result.
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Physics of Light - Relativity

Special relativi

Derived from two postulates
1. The laws of physics are invariant in all inertial frames of reference

2. The speed of light in a vacuum is the same for all observers
It solves:

I Michelson - Morley null result
I Inconsistency of Newtonian mechanics and Maxwell's equations

Accurate ifgravitation is negligible

CG Lecture 2022
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Physics of Light - Relativity

General relativi

Derived from three postulates
1. The laws of physics are invariant in all inertialframes of reference
2. Acceleration cannot be distinguished from gravity
3. The speed of light in a vacuum is the same for all observers

It solvesEVERYTHING 2!

2Except quantum stu and climate change.
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Physics of Light - Gravitational waves

Ripples in Spacetime

| Matter a ects the shape of the
spacetime

| Spacetime drives how mass can
move

| Spacetime wanna be at
I ) Gravitational waves

I ) Similar to Michelson - Morley
experiment
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Physics of Light - Gravitational waves

Ripples in Spacetime

I Matter a ects the shape of the
spacetime

| Spacetime drives how mass can
move

| Spacetime wanna be at
I ) Gravitational waves

I ) Similar to Michelson Morley
experiment
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It took - long enough

Thank you for your attention!
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Area on a sphere - Functions on the unit sphere

Area on sphere (from theory to practice
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Area on a sphere - Functions on the unit sphere

Area on sphere

Let us denote theunit sphere with
S:=fp2R%: kpko=1g:

How do we measure the area of a $&t S?

Csaba Bélint (ELTE IK) Rendering Equation CG Lecture 2022 427



Area on a sphere - Functions on the unit sphere

Area on sphere
Let us denote theunit sphere with

S:=fp2R%: kpko=1g:
How do we measure the area of a §&t S?

We denote thecharacteristic function asXp : S!'f 0;1g, such that

0 if! 62D

Xo('):= 4 ity 2p (29
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Area on a sphere - Functions on the unit sphere

Area on sphere

Let us denote theunit sphere with
S:=fp2R%: kpko=1g:
How do we measure the area of a &t S?

We denote thecharacteristic function asXp : S!'f 0;1g, such that

0 if! 62D

Xo('):= 4 ity 2p (29
The area of theD is Z Z
Xp = Xp(1)d! = ??
S S
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Area on a sphere - Functions on the unit sphere

Represent surface area as a volume using ratios!
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Area on a sphere - Spherical coordinates

Spherical to Cartesian coordinate system |
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Area on a sphere - Spherical coordinates

Spherical to Cartesian coordinate system Il

]T('; v ):=(rcos( )sin( ); rsin(" )sin( ); r cos( ))\

I Homework:jdet TY"; ;r )j= r2sin()
I 'We could use this transformation to calculate the surface areB pbut how?
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Area on a sphere - Spherical coordinates

Spherical to Cartesian coordinate system Il

]T('; v ):=(rcos( )sin( ); rsin(" )sin( ); r cos( ))\

I Homework:jdet TY"; ;r )j= r2sin()
I We could use this transformation to calculate the surface are® pbut how?
I Let us calculate thezolume from D to the origin, a cone-like shape.

I The areaA of D can be calculated from the ratio of volume relative to the volume of th
unit ball (sor =1):

A= 42 =3 V

Wl
-
w

Csaba Bélint (ELTE IK) Rendering Equation CG Lecture 2022 7127



Area on a sphere - Spherical coordinates

Homework
2 3, 2 , C o 3
r cos' sin rsin' sin r cos' cos cos sin
detTY"; ;r )=det 4rsin’' sin 5=det4 rcos sin r sin' cos sin' sin 5=
r cos 0 rsin cos
2 . . .
sin' sin cos' cos cos' sin
= r2det4 cos' sin  sin' cos sin' sin 5=
0 sin cos
. . sin'  cos' . sin'  cos'
=r?2 sin si? det , "> +cos (sin cos ) det , o=
cos'  sin cos'  sin
. . sin' cos' .
= r?sin  sin® +cos®  det , > = rZsin
cos  sin
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Area on a sphere - Integrating functions

Generalize to functions

Let us generaliz&Xp to functions likef :[0;2 ) [0; )! R that operate in spherical
coordinates.

| Let us create arF : R3! R function that takes values from this domain:

F(xy;z) = £ (T Y(xy;2)12)

I So we evaluaté after transforming back to spherical coordinates without the radius

I Now, the volume can be expressed as:
Z
V = F(x;y;z)dxdydz

unit ball

I Remember integration by substitution? (Change of Variables Theorem)
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Area on a sphere - Integral transform theorem

Integral transform theorem

Assume thatU R"isanopensetT :U! R", andf 2R"! R.If

Then Z z
f(v)dv= f(T(u)) jdetTqQu)jdu :

T(U) U
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Area on a sphere - Integral transform theorem

Integral transform theorem

Assume thatU R"isanopensetT :U! R", andf 2R"! R.If

Then Z z
f(v)dv= f(T(u)) jdetTqQu)jdu :

T(U) U

I The transformed set iF (U) = fT(u) : u 2 Ug.
I TQu) 2 R" " is the Jacobian matrix of the transformation at2 R".
I ThejdetTqu)j 2 R is by how much a unit volume is stretched.
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Area on a sphere - Integral transform theorem

Integral transform theorem

Assume thatU R"isanopensetT :U! R", andf 2R"! R.If
I T:U! R"isinjective and continuously di erentiable function such that

8u2U : detTqu) 60 :

I The functionf : T(U)! R is continuous and has a compact support.
Then Z z
f(v)dv= f(T(u)) jdetTqQu)jdu :

T(U) U

I The transformed set iF (U) = fT(u) : u 2 Ug.
I TQu) 2 R" " is the Jacobian matrix of the transformation at2 R".
I ThejdetTqu)j 2 R is by how much a unit volume is stretched.

Csaba Bélint (ELTE IK) Rendering Equation CG Lecture 2022

10/ 27



Area on a sphere - Integral transform theorem

Integral transform theorem applied

Let
U:=(0;2) (0 ) (01 R";
and
T(;;r ):= rcos()sin( );rsin( )sin( );rcos() ;
then

TU)= (xy;z)2R® x?+y?+7z2< 1 = open unit ball.

Check theorem requirements!
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Area on a sphere - Integral transform theorem

Transforming the integral

Remember thaf :[0;2 ) [0; ]! R,thenF(x;y;z):= f (T Y(xy;2z)]12).
z z
V = F(x;y;z)dxdydz= F(T(;;r ) detTY;:r ) drd d'

unit ball u

| WhereF (T(5 ;r )= (T XTCir Nai2)=f( )
| Note that detTq’; ;r ) =r?sin()
Z Z Z
V = r2 sin() f(; )drd d = r2dr f(; )sin( )d d
[0;21 [0; ] [0:1] 0 021 [0; ]
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Area on a sphere - Integral transform theorem

The new measure

I SinceRerr =1,
0 Z
A=3V = f(; )sin()d d
0:2] [0 ]
I For a range of directions we often write = ('; ) instead of the pair of angles.
I However, the meaning af! is di erent now:

\d! =sin( )d d' \

I Ultimately, we can express integrals over a range of directions as
z
f()d
D
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Area on a sphere - Integral transform theorem

Another explanation
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Visibility - of a dierential surface

of a di erential surface
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Visibility - of a dierential surface

of a di erential surface

The solid angle at which the surface poink with surface normah and di erential areadA is
visible fromthe origin is:

COS p _ m;xi
r2 dA = kx k3

This means we can transform an arbitrary surface integral onto a sphere, and vice versa.

dl = dA
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Luminance - Flux

Phase space ux
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Luminance - Flux

Phase space ux

Spectral ux is the light energy emitted per unit time and wavelength by given surface poi

@Qa (Xt ) _ @Q(x;t )
@t@ @ @t@

1 (X) =

I that describes light energy density with respect to time and wavelength

I Q@ (X;1t) is the light energy emitted at a given position and time towa@s direction
[ is the wavelength of the light emitted

I Spectral because of th@ , otherwise radial ux
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Luminance - Radiance

Radiance or Luminance
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Luminance - Radiance

Radiance or Luminance

Radiance or Luminance is the ux emitted by a unit area of the surface under unit solid ang

Lo (xo1 ) = &
1 OGH) = d!' dAcos

I 1 (x) is the spectral ux
I dA cos p is the area we project the ux to
I First quantity that makes physical and mathematical sense by itself
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Luminance - Fundamental Law of Photometry

Fundamental Law of Photometr
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Luminance - Fundamental Law of Photometry

Fundamental Law of Photometr

De nition of luminance: 5
o Y

- d! dAcos ,
Visibility of the other di erential area from in a solid angle: (see Frame 16)

Lt(x;!)

0
d = 250 da’

implies
L.(x;!)= 2 &y =L (x%19
LA dAScos ¢ dAcos p AR
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Luminance - Fundamental Law of Photometry

Fundamental Law of Photometr

De nition of luminance:

L.(x:!)= 7(12 it
AT 4 dA cos
Visibility of the other di erential area from in a solid angle: (see Frame 16)
0
4 = cos , 4AC
[2
implies
L (x;1)= ’ =L (x%519

"~ dAOcos 2 dAcos |

Transmitted radiance (or luminance) from A to B is the same as from B to Al
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Light Surface interaction - Re ectance probability

Light Surface interaction
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Light Surface interaction - Re ectance probability

Light Surface interaction

Re ectance probability density function

we (! ®x;!)= Pr photon hits!  d! solid angle coming from! ° 2 [0;1]

| Probability of a photon going towards and its! vicinity if it comes from! © direction.
I The distribution dep%nds on the material properties at position

| Energy conservation: w (! %x;!)d! 1
s

R
| However, this is possible:w (! ¢x;!)d! 0 1
s
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Light Surface interaction - Re ectance probability

Re ected Flux

7
Z

x!' ! _ em 0, - 1o x 0
t; = ¢t W, (roxit) t; d!

I Total light coming from the surface is the emitted light plus the total re ected light.
¥t =Ly (x5! )dAcos d

L EM = LgM™(x; ! )dAcos d

LT X =Ly V(x; 1951 © dAcos Od! ©

I The functionV (x; ! 9 2 R3 is thevisibility function , it queries the closest point
towards ! ©from pointx.
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Light Surface interaction - Rendering Equation

Rendering Equation

z we (1C%x:1)
Ly (x;1)= LEM(x;! )+ Ly V(x; 1910 | =222 21 cos Odt ©
' cos
S
The BidirectionalRe ectance Distribution Function is the following
we (1 %x;1)
foo (1 O%x;1 )= =¥ 2077
i ) oS
The rendering equation can be summarized as
Z
Ly (1) = LEMx; )+ Le V(xs 1900 £ (0 %x;1) cos Ot ©
S
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Light Surface interaction - Rendering Equation

Rendering Equation

I Recursive integral equation
L=L®"+ L

I Very hard to solve
I Algorithms provide approximate solution
I Error? Convergence? Artifacts?

To be continued...
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Rendering equation revised - Re ectance probability density function

Re ectance il ity function
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Rendering equation revised - Re ectance probability density function

Re ectance il ity function

Re ectance probability density function

we (! ®x;!)= Pr photon hits!  d! solid angle coming from! ° 2 [0;1]

| Probability of a photon going towards and its! vicinity if it comes from! © direction.
I The distribution dep%nds on the material properties at position

| Energy conservation: w (! %x;!)d! 1
s

R
| However, this is possible:w (! ¢x;!)d! 0 1
s
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Rendering equation revised - Rendering equation

From ux to rendering equation

7
=

x!' 1 _ em 0., - 1o x 0

I Total light coming from the surface is the emitted light plus the total re ected light.
I Visibility function V(x; ! 9 2 R®: queries the closest point towards! °from pointx.
I Divide the equation bylA cos d! to get the rendering equation

z we (P %x;!)
Le (x;!)=LEM(x;! )+ Ly V(x; 1910 T cos Odt ©
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Bidirectional Re ectance Distribution Function - De nition and modelling

The Bidirectional Re ectance Distribution Function

we (1 %x;1)

Cowg (P Ox5t)

fro (0 Ox;1):= =

B m;!i

The BRDF is an input function to the rendering equation solver engine that describes

materials properties

X characterizes the position on the surface with surface nomal
x will tell us which object ix on, and where are we on it (texture fetch).
I :1 Odirections describe a direction of a possible bounce of photons
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Bidirectional Re ectance Distribution Function - De nition modelling
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Bidirectional Re ectance Distribution Function - De nition and modelling

Modelling BRDF

| We can measure the BRDF as a function'of' ¢ ©

I Memory issues: 100x100x100x100x10 data points.

| Isotopic material : invariant under rotating botd and! ©around surface normai
I Anisotopic material : CD, polished metal
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Bidirectional Re ectance Distribution Function - De nition and modelling

Goniore ectometer

Figure 8 taken from A Framework for Realistic Image Synthesis by Greenberg, et. al. (Cornell)
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Bidirectional Re ectance Distribution Function - De nition and modelling

Properties of BRDF

1. Positive:f;, (! %x;!) O
2. Symmetric Helmholtz law:f . (! &x;!) = f, (! ;x;!9

3. Energy conservatio

Albedo: Probability of a photon being re ected (to anywhere)
z z
a(t ;x)i= wy (Ux;9dl 0= . (0 x;! 9cos Odt ©

I Symmetry implies that viewed from direction a homogeneous skylight with radiancelof
will producea(! ;x) radiance along the ray.

Fa(x;t)= 1= f, (x5! 9Ycos O ©
s
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Bidirectional Re ectance Distribution Function - Diuse surface Lambert's law

Di use re ectance

| Material is opaque, i.ef,, (5 );x;('% 9 =0 if 5 0 <0
I Re ected radiance is invariant on viewing andle
| Helmholtz law implies that it is invariant on illumination andl€

f s % 5 >0

| Thus, itis a constant{f,, ! ;x;! 9= ka( )

N

1. Positive:0<kg4( )
2. Symmetric
3. Energy conservation:

R RR _
a(l ;x)= fr, (:;x;! 9Ycos ! 0= kg( Jcos sin d'd 1
s 00
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Bidirectional Re ectance Distribution Function - Diuse surface Lambert's law

Di use energy conservation

. . kq( ) if 5 s 0
. ey (O — d 2 2
frt; (’ )1X1( ’ (5 0 if - - <0
Z zz,
a(! ;x)= fr, (1;%;! Ycos Odr 0 = kg( )cos sin d' d =
S 0 0
zz _
. 1. z
= kq( )d' cos sin d =2kg() Zsini’() =
2 0
0 0
= kq() 1
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Bidirectional Re ectance Distribution Function - Diuse surface Lambert's law

Lambertian re ectance

, , kq( ) if 5 5 0
fro ¢ nx:(%9 = . 2 2
s 0 |f 2 2 < 0
1. Positive:0< k4( )
2. Symmetric
3. Energy conservatiorkg( ) % a(l; x) 1
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Bidirectional Re ectance Distribution Function - Diuse surface Lambert's law
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Specular re ectance - Phong model

Mirror

(v 1n)

(V)= ke )~
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Specular re ectance - Phong model

Re ect Householder transformation

cos = hv;ni Vi = V+2C0S n

vi=v 2hv;ni n
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Specular re ectance - Phong model

Phong model

(x) cos'(x) (x2[ ; 1

fr. (I5v)= k() vil 2m;lin "
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Specular re ectance - Phong model
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Specular re ectance - Phong model

The Phong model

I Produces specular highlights
I Very fast to compute
I Asymmetric :(
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Specular re ectance - Blinn-Phong model
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Specular re ectance - Blinn-Phong model

Blinn-Phong model

fro (15v)=ke( ) tn; hiM

| Whereh = b
I Very fast
I Symmetric
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Specular re ectance - Blinn-Phong model

Phong vs Blinn-Phong
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Specular re ectance - Blinn-Phong model
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Fresnel refraction - Refraction and IOR

Refraction Snell Descartes law

plane of incidence: plane of incoming ray, outgoing ray, and normal

‘nzsin( 2) = nysin( 1)‘
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Fresnel refraction - Refraction and IOR

IOR: Index of Re ection

I Speed of the light relative to vacuum

I magnetic permeability: how hard is it to magnetize the material

I electric permeability: how hard is it to charge it with electrons

I = 1 electric conductivity is the reciprocal of electrical resistivity: large for conductors
I Metals produce complex humbers. The nominator is the wave impedance.

I Zo 120 is the wave impedance of the vacuum

[ is the wavelength of the light
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Fresnel refraction - Fresnel equations and approximation

Fresnel re ection

I s-polarized: wave in the electric eld is paralell with thelane of incidence
I p-polarized is the perpendicular component

I At high incidence angles, the s-polarized light is re ected more

I Polarized sunglasses reduce glare
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Fresnel refraction - Fresnel equations and approximation

Fresnel equations

N,COS | N1COS ¢ _ N2COS ¢ NpCOS |
N, COS j + N1 COS ¢ N, COS ¢ + N1 COS |

I Each polarized component of the light is reduced accordtgcand R, factors.
| Conservation of energy meaR§ + RZ 1.
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Fresnel refraction - Fresnel equations and approximation

Metals and Non-metals

I Fo is the re ected light at O incident angle.
I Non-metals typically range between 2%-5% gray.
I Metals re ect 50%-100% of light in various colours.

Csaba Bélint (ELTE IK) BRDF CG Lecture 2022 28 / 45



Fresnel refraction - Fresnel equations and approximation

Schlick's approximation

R2+R2

I For natural unpolarized lighRg
I Incorporate it into Blinn-Phong as a multipier for specular highlight:

I Schlick simpli ed and approximated this with
ni nNp 2
ny+ nNo

| Fg:= F:=Fo+(1 Fo) 1l hn:;1q?°
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Cook-Torrance model - Roughness models

Cook-Torrance model 1983

I Physically based: the surface is modelled as perfectly re ecting microfacets

I Distribution of microfacets is given (roughness)

I Calculates masking and self-shadowing e ects between microfacets

I Inputs are physical properties of the material, can be measured (unlike the specular p«
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Cook-Torrance model - Roughness models

Microfacet theor
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Cook-Torrance model - Roughness models

generated random microfacet surface with ray intersections
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Cook-Torrance model - Roughness models

Demo: re ected rays from surface wixB5 normal variance
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Cook-Torrance model - Roughness models

Demo: re ected rays from surface wixth5 normal variance
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Cook-Torrance model - Roughness models

Demo: re ected rays from surface wixd0 normal variance
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Cook-Torrance model - Roughness models

Demo: resulting BRDF
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Cook-Torrance model - Roughness models

Bisector anglé
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Roughness models

Cook-Torrance model - Roughness models

Microgeometry density from a given angle is modelled with a distribution.
Dm(h) "counts" the microfacets that would re ect to v.

1.

2.

. : o 1 .
Blinn: Guassian distributio® , (h) = 2 rh;nlmﬁZZ 2
1 hh;ni2 1

Backman distributionDp(h) = ————— em?hhini?
m(N) m 2hh;ni4
h is the viewing angle for whicB ,(h) returns the relative microfacet density.
Dm(h) is normally evaluated &b = |<||++7ka2 angular bisector
The roughness parameten is the root mean square quadratic mean of the slope of th
microfacets
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Cook-Torrance model - Roughness models

Blinn Phong vs Backman

Blinn-Phong distribution (blue) and Backman distribution (purple) for roughness values of
0.2-0.5 (right) and 0.6-1.0 (left).
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Cook-Torrance model - Roughness models

Properties oD, and the result of varying roughness

y y
8v2 ; hini= Dp(h)hvihidh =) 1= Dp(h)m;hidh
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Cook-Torrance model - Geometric Attenuation Factor

Cook-Torrance model

F (h) G(n;v;l) Dm(h)
n;vi

fr. (Ihv)=

| whereh = -

I Dm(h) is the microfacet density towards® F (h) is the Fresnel re ectance ratio.
I G(n;v;l) Geometric attenuation factor : self shadowing and masking

Csaba Bélint (ELTE IK) BRDF CG Lecture 2022 41/ 45



Cook-Torrance model - Geometric Attenuation Factor

Geometric Attenuation Factor

2th;nihv;ni 2hh;nihl;ni
Gunblocked = 1; Gmask = W, Gshadow = Tweni
blocked .
G=1 facet = min f Gynblocked; Gmask ; Gshadowd
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Cook-Torrance model - Geometric Attenuation Factor

Limitations
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Cook-Torrance model - Geometric Attenuation Factor

Code for Fresnel

N, COS | NpCOS ¢ _ N2COS ¢ NpcCOS j
N2 COS | + N1 COS ¢ N2 COS { + N1 COS |
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Cook-Torrance model - Geometric Attenuation Factor

Code for Radiance

tan2
D(m; )= — "
m; )=
m 2 co&
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Rendering Equation - Recap

Rendering Equation

7
=

Le (1) = LEMOx;! )+ Le V(x5 1910 £, (1 %x;!1) cos Od! ©

I L (x;!) is the radiance from a point on a surfagein a given directiorl , at time t in
wavelength .

I Lg™(x;! ) is the emitted radiance from to ! .

oLy V(x; 1910 f (19%x;1) cos ! °Radiance contribution from all of the
cS)ther surfaces in the scene

I Ly V(x; !9;! % incoming radiance recursion

I V(x: ! 9= x%closest object in direction ! °

I fr. (! %x;!) Bidirectional Re ectance Distribution Functiond, %= (* ¢ 9.
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Towards Radiosity - Integral transformation

Remember: visibility of a di erential surface
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Towards Radiosity -

Integral transformation

function
Given that: (without proof)

LetF : 17 !

Vo Huv) = [T YFuv)ge 2

(u2l3;v21y)

function is bijective. Lef : 17 [,! R be a continuous function. Then
Z
hm e (w); F(w)i
| | =
f(v( ) d! f(w) KF (WK dw
I1 12
Csaba Bélint (ELTE IK) Radiosity

RS be a regular surface with normai ¢ (w) such that the
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Towards Radiosity - Integral transformation

function
Given that: (without proof)

LetF :1; 1! R3 be aregular surface with normai ¢ (w) such that the
V Yupv) =T YF@v)]ie 2 (u2l3v21y)

function is bijective. Lef : 17 [,! R be a continuous function. Then

z hm e (w); F(w)i

e

Z
fV()d! = f(w)

I1 12

In the rendering equation we have
Z

Le V(x; 1900 £ (0 8%x;1) cos %! O=
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Towards Radiosity - Integral transformation

Transforming the integral

Z
Le V(g 1900 £ (0 8x;1) cos %! O=

s
Integrate on the visible surfaces instead of the sphere using the transformation
x%=V(x; 19, 19=[T 1(x% x)]12.
z
m;x% xihn®x x4
- o} Q- , ' 0_
= Ly (x%19 fr (0 %x;0) o0 XK dx°=
V (x;S)

Notice thatV(x;S) X, whereX R3 the set of all surfaces.

Z
m:x°% xihn®x x§
fro (10%1) Ly (X319 Xyeg(x9 0 X Ké dx©
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Towards Radiosity - Geometric term

Geometric term and visibility function

Z
:x% xihn®x x§
= fr (0%x1) Ly (X319 Xy (X9 VR dx°=

X

L (GxY X yxeg (X9 s thevisibility function  between two points.
I G(x;x9:= m3xok)’(‘(')hr;((:i’j X3 describes the geometric relationship betweeand x°
I Symmetric function (fundamental law of photometry).
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Towards Radiosity - Form factor

Form factor (view factor
Z

fro (0%%x;1) Ly (x;x9 l)(v(x;s)(x?z G(x;x‘?dx0

X F(x;x9

| The geometric term multiplied by visibility is thflerm factor F(x;x9).
I Also a symmetric function.
I Only depends o ;x° and not on! . (Note that ! %is the direction ofx® x.)
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Radiosity equation - Most important assumption

equation

Z
Le (1) = LEme;t )+ fr (0 %x0) Ly (x5x9 F(x;x9dx?
X
What do we want?
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Radiosity equation - Most important assumption

equation

Z
Le (1) = LEme;t )+ fr (0 %x0) Ly (x5x9 F(x;x9dx?
X

What do we want? Precalculate the integral for ak 2 X .
What's the problem?
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Radiosity equation - Most important assumption

equation

Z
Le (1) = LEme;t )+ fr (0 %x0) Ly (x5x9 F(x;x9dx?
X

What do we want? Precalculate the integral for ak 2 X .
What's the problem? Integral depends oh 2 S viewing angle.
What do we do?
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Radiosity equation - Most important assumption

equation

z
Le (1) = LEme;t )+ fr (0 %x0) Ly (x5x9 F(x;x9dx?
X
What do we want? Precalculate the integral for ak 2 X .
What's the problem? Integral depends oh 2 S viewing angle.

What do we do? Assume it does not.
What does that mean?
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Radiosity equation - Most important assumption

equation

z
Le (1) = LEme;t )+ fr (0 %x0) Ly (x5x9 F(x;x9dx?

X

What do we want? Precalculate the integral for ak 2 X .

What's the problem? Integral depends oh 2 S viewing angle.

What do we do? Assume it does not.

What does that mean? Diuse BRDF

z
Le (1) = LE™(x;! )+ ka(x) L (x;x9 F(x;x9dx°
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Radiosity equation - Discrete form

Discretisation

Z
Le (6;0)= LE™(x;! )+ ka(x) L (x;x9 F(x;x9dx°
X
. : . . . 8
DiscretizeX into n patches over which the radiances are constaft= Xi.
i=1
I F(x;x9 = Fij 2[0;+1) (x 2 Xj) discretized form factors
LEM(x; )= Ei2[0;+1) (x 2 X;) emitted radiance
I kg(x)= i2[0;%) (x 2 X;) is the re ectivity of the patch
I Le (X5')=Li2[0;+1) (x 2 Xj) this is theunknown radiance
This leads to the discrete radiosity equation
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Radiosity equation - Discrete form

Discrete Radiosity Equation

xn
j=1
In matrix form:
(I F) L=
2 32 3 2
1 1 Fn 1 Foo 1 Fin L1 E1
2 For 1 2 F2 2 anz ELZE_EEZE
n I:nl n Fn2 1 n an I—n En

What can we see in this matrix?
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Radiosity equation - Discrete form

Jacobi method

Since the diagonal part wds the Jacobi iteration becomes

LD =g+ ; F LK

But does it converge?
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Radiosity equation - Numerical Performance

Convergence condition

If I F is strictly diagonally dominant, so when
- - X1 . - X1
i1 iFij> JiFii 0 1> Fij
j=1;i6] i=1

Using that all values are positive. Moreover,
I j“:1 Fij 1 because the ratio of visible surfaces cannot exceed 1 together.

I i 1 due to energy conservation discussed earlier.
Hence, the spectral radius isax;j ;j <, so we can bound the convergence error with

kLK L kg 1:47 0:32 kL™  LOk, (k 2 N)
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Motivation - Raycast

Motivation: Ra

| Simulate light rays can only simulate
nite amount

I How to choose from a continuum set of
rays?

I How to increase performance and quality?
| E-g.: choose the red ray: direct lighting
| Need all other directions too
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Motivation - Raycast

Motivation: Direct lllumination
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Recursive ray tracing - Monte Carlo

Monte Carlo ray tracing

See supplemental material
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https://drive.google.com/file/d/1bw9v5TkuUBZypy0VKiAxesknLaQCslGO/view?usp=sharing

Recursive ray tracing - Ray tracing

Random sample directions - one bounce
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Recursive ray tracing - Ray tracing
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Recursive ray tracing - Ray tracing

Direct light sampling
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Recursive ray tracing - Ray tracing

BRDF variance impact on performance

Di use 10 path per pixel Glossy 10 path per pixel Glossy 100 path per pixel
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Recursive ray tracing - Ray tracing

random?

I What happens if we use a xed random sequence?
| Structured error is worse than random noise.

10 samples from xed list 10 random samples
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Path tracing - Rendering equation

Rendering equation

Z
Le (1) = LEM(x;! )+ Le V(x; 191 %, (1 %x;!)cos Odl ©
K
Letx%= V(x; ! 9andfy 181 =1, (!%x;! )cos °for brevity.
A
Le (1) = LEM(x;1) Ly (X80 9f, 101 ar©
K
Also, letLx (! )= L¢ (x;!).
Z
Lu(!)= LEMI )+ Lyo!%f, 1%1 a1 ©
K
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Path tracing - Rendering equation

Recursion
Z
Ly(1)= LEM(1 )+  Lyo! Of, 101 a1 ©
K
Z Z
Ly(!)= LE™(1 )+ LEP 10+ ool OfF,0 10910 gr00f 181 gro
K K
z z
Ly(t)= LEM(1 )+ Lep 10+ Lem 004
K 7 K

Lyooo! 000 oo 1 000 00 gy 000§ oy 00y 0 gy Q0 4 Oy g O
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Path tracing - Rendering equation

Micimackd
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Path tracing - Rendering equation

Z
Ly(! )= LEM(I )+ Lyo! Of, 181 dr©
K
27
Ly(!)= LE™(1 )+ Lyo! OFy 1 %1 sin Od Od' ©
0 00 1
2 e Z
|
Ly(!)= %LXT()J’ Lo ! Of 191 sin od 9 qr ©
0 0
27
_ L3m(!) 0 Q .04 Oq O
Lx(!)— m*‘ LXO! fX ' ,! Sin d d
0_0
z LEm(!) 0 Q.. 0 4 0
Lx(!)= m‘k LXO! frt: (I ,X,I)COS dl
K
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Path tracing - Rendering equation

Recursion
Z
Ly(1)= LEM(I )+ Lyo! Of, 101 ot ©
7 K
Lem(!)
Ly(!)= mﬁon!Ofx 1er ar ©
K
| 1
Lem(' L3e ! 0 00 00 o- 0 ) 0
K
!
Lem(1 ) Lep 1 0
1) = X X |00 |00|0 |0.| |0|0
Ly(!) 2 T ogm oo 2 zgin oot bxee ! Phxo 1RIY 1S Rl
K K
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Path tracing - Path tracing

Path tracing

L3™() Lep 1 O 00 00, 0 Q 0Qy, 0
Lx(!)= 5 sz_n — 5z oot Lxoo ! o LN 1S dt O
i i
K K
Z an Lem 10D i1 o
Ly()= D S B® a— fo 10D
oy 22 [z sin SR
K K
Y _ .
+ Lo ! (M foiy ;@D gr ) ...qp 0
i=1
zZ Z X0 Lem , 1@ 1 o
Lx(') = lim O fp 1O 0D g (04D gy O
n'l i1 2 2 jn:ism (j)j=1

K K
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Path tracing - Path tracing

Path tracing

z wa Lem , 10Dyl o
Ly(!)= rI1||r1n Ll SES! QO fog) ! M. 0D g 0+ ... g 0
' iz1 2 j=isin 00
K K
Input: xo 2 R® . Surface position
Input: ! [0] = (" [0]; [O]) . Direction
Output : L :=[0;0;0] . linear RGB color value
factor :=[1;1,;1] . BRDFs multiplied together
fori=1:::ndo
I' [i] = RandomDir () . Generate random direction vectol
Xi = RayTrace(xi 1; !}) . Trace next position
L= m + factor Emission (X; 1;!; 1) . Update summation
factor = factor BRDF (! j;xi;!i 1) cos(;) . Update product
end for
return L
CG Lecture 2022 17/20
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Path tracing - Path tracing

Path tracing with anti-aliasing
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Path tracing - Path tracing

Path tracing with direct light sampling
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Further methods -

Further methods

See supplemental presentation

Csaba Bélint (ELTE IK) Global lllumination CG Lecture 2022


https://drive.google.com/file/d/14HlV7PPP4vO-eryBS5_YX0v0mPwXouO5/view?usp=sharing
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https://www.khronos.org/opengl/wiki/Rendering_Pipeline_Overview
https://www.khronos.org/opengl/wiki/Vertex_Shader
https://www.khronos.org/opengl/wiki/Tessellation_Control_Shader
https://www.khronos.org/opengl/wiki/Tessellation#Tessellation_control_shader
https://www.khronos.org/opengl/wiki/Geometry_Shader
https://www.khronos.org/opengl/wiki/Fragment_Shader
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https://www.khronos.org/opengl/wiki/Vertex_Specification#Separate_attribute_format

]Zdkjlg g<dPQEh IEjkgl




]Zdkjlg g<dPQEh IEjkgl h < D|



https://www.khronos.org/opengl/wiki/Query_Object#Occlusion_queries
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https://www.khronos.org/opengl/wiki/Texture
https://www.khronos.org/opengl/wiki/Sampler_Object
https://www.khronos.org/opengl/wiki/Image_Format
https://www.khronos.org/opengl/wiki/Texture_Storage
https://www.khronos.org/opengl/wiki/Image_Load_Store
https://www.khronos.org/opengl/wiki/Framebuffer_Object
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https://www.amazon.com/Real-Time-Rendering-Fourth-Tomas-Akenine-M%C3%B6ller/dp/1138627003
http://www.reedbeta.com/blog/understanding-bcn-texture-compression-formats/
http://acko.net/files/gltalks/pixelfactory/online.html#0
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https://docs.microsoft.com/en-us/windows/uwp/graphics-concepts/texture-addressing-modes

VDQV GLVFUHWL]DWLRQ GXH WR IORDWLQJ SRLQW
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https://www.iquilezles.org/www/articles/filtering/filtering.htm
http://acko.net/files/gltalks/pixelfactory/online.html#0
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https://www.desmos.com/calculator/gxocp9afaq
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https://developer.nvidia.com/gpugems/gpugems2/part-iii-high-quality-rendering/chapter-20-fast-third-order-texture-filtering
https://developer.nvidia.com/gpugems/gpugems2/part-iii-high-quality-rendering/chapter-20-fast-third-order-texture-filtering
https://dl.acm.org/doi/10.1145/3306346.3323032





















https://ccrma.stanford.edu/~jos/mdft/Frequencies_Cracks.html












https://www.khronos.org/registry/OpenGL-Refpages/gl4/html/dFdx.xhtml
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https://www.khronos.org/opengl/wiki/Array_Texture
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https://en.wikipedia.org/wiki/YCoCg



http://staff.fh-hagenberg.at/burger/publications/pdf/aapr2010.pdf
http://www.babelcolor.com/download/A%20review%20of%20RGB%20color%20spaces.pdf
http://www.babelcolor.com/download/A%20review%20of%20RGB%20color%20spaces.pdf
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https://docs.microsoft.com/en-us/windows/win32/direct3d11/texture-block-compression-in-direct3d-11

























IURP WH]
RUPDO Y

OHQJWK Y




T O









http://jcgt.org/published/0009/03/04/
http://jcgt.org/published/0009/03/04/
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http://www.jp.square-enix.com/tech/library/pdf/ImprovedGeometricSpecularAA.pdf



http://jcgt.org/published/0003/02/01/
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http://page.mi.fu-berlin.de/block/htw-lehre/wise2012_2013/bel_und_rend/skripte/szirmay2006.pdf
http://page.mi.fu-berlin.de/block/htw-lehre/wise2012_2013/bel_und_rend/skripte/szirmay2006.pdf
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https://www.researchgate.net/publication/2440562_A_Survey_of_Visibility_for_Walkthrough_Applications
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https://devblogs.microsoft.com/directx/dxr-1-1/
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https://images.nvidia.com/aem-dam/en-zz/Solutions/design-visualization/technologies/turing-architecture/NVIDIA-Turing-Architecture-Whitepaper.pdf
https://images.nvidia.com/aem-dam/en-zz/Solutions/design-visualization/technologies/turing-architecture/NVIDIA-Turing-Architecture-Whitepaper.pdf
https://www.nvidia.com/content/PDF/nvidia-ampere-ga-102-gpu-architecture-whitepaper-v2.pdf
https://www.nvidia.com/content/PDF/nvidia-ampere-ga-102-gpu-architecture-whitepaper-v2.pdf
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http://intro-to-dxr.cwyman.org/presentations/IntroDXR_RaytracingShaders.pdf



http://intro-to-dxr.cwyman.org/presentations/IntroDXR_RaytracingShaders.pdf
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https://www.youtube.com/watch?v=J3ue35ago3Y
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https://docs.google.com/file/d/1K4Yu-ZUBmMif7AwPf7xu-MGYzVgWd94K/preview



https://docs.google.com/file/d/1wo-sAZ-Z6M_r9hs2en7HXxPqEgVcIZv0/preview



https://docs.google.com/file/d/1cxP8cHbZ_PNoRdRLZ_SEoLkpqeeklFYu/preview



https://media.contentapi.ea.com/content/dam/ea/seed/presentations/2019-ray-tracing-gems-chapter-25-barre-brisebois-et-al.pdf
https://www.youtube.com/watch?v=LXo0WdlELJk





















https://developer.nvidia.com/blog/introduction-turing-mesh-shaders/
https://developer.nvidia.com/blog/introduction-turing-mesh-shaders/
https://blog.siggraph.org/2021/04/mesh-shaders-release-the-intrinsic-power-of-a-gpu.html/
https://blog.siggraph.org/2021/04/mesh-shaders-release-the-intrinsic-power-of-a-gpu.html/
https://blog.siggraph.org/2021/04/mesh-shaders-release-the-intrinsic-power-of-a-gpu.html/
https://microsoft.github.io/DirectX-Specs/d3d/MeshShader.html
https://microsoft.github.io/DirectX-Specs/d3d/MeshShader.html
https://www.geeks3d.com/20200519/introduction-to-mesh-shaders-opengl-and-vulkan/
https://www.geeks3d.com/20200519/introduction-to-mesh-shaders-opengl-and-vulkan/
https://www.geeks3d.com/20200519/introduction-to-mesh-shaders-opengl-and-vulkan/
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