Szamitogépes szamelmélet

Jarai Antal

Ezek a programok csak szemléltetésre szolgalnak

» 1. A primek eloszlasa, szitalas

» 2. Egyszeru faktorizalasi modszerek
» 3. Egyszeru primtesztelési modszerek
» 4. Lucas-sorozatok

» 5. Alkalmazasok

» 6. Szamok és polinomok

» 7. Gyors Fourier-transzformacio

» 8. Elliptikus fliggvények

» 9. Szamolas elliptikus gorbéken

» 10. Faktorizalas elliptikus gorbékkel
» 11. Primteszt elliptikus gorbékkel

» 12. Polinomfaktorizalas

» 13. Az AKS-teszt

Vv 14. A szita modszerek alapjai

> restart; with(numtheory);
| Glgcd, bigomega, cfrac, cfracpol, cyclotomic, divisors, factorEQ, factorset, (14.1)



fermat, imagunit, index, integral_basis, invcfrac, invphi, issqrfree, jacobi,
kronecker, %\, legendre, mcombine, mersenne, migcdex, minkowski,
mipolys, mlog, mobius, mroot, msqrt, nearestp, nthconver, nthdenom,
nthnumer, nthpow, order, pdexpand, ¢, T, pprimroot, primroot, quadres,

rootsunity, safeprime, s, sq2factor, sum2sqr, =, thue)

V¥ 14.1. Dixon véletlen négyzet modszere.

> n:=nextprime(7%10A2)*prevprime(14*10A2);
n:=980699 (14.1.1)

> B:=20; F::[];
for j from 2 while j<B do
if disprime(j) then F:=[op(F),j]l; fi;
od;
F; nops(PF);
B:=20

Fi=]

[2,3,5,7,11,13,17,19]

8 (14.1.2)
> rnd:=rand(2..n-2); rnd(); ifactors(%A2 mod n);
rnd::proc()
proc()
option builtirn,
393
end proc(6, 980696, 20) + 2
end proc
113502
[1, [[2, 2], [5, 1], [12097, 1]]] (14.1.3)
> R:=[1;
while nops(R)<nops(F)+5 do
x:=rnd(Q);

y:=1ifactors(modp(xA2,n))[2];
if y[nops(y)]1[1]>=B then next else R:=[op(R),[x,yl] fi;
od:
R:=] (14.1.4)

[>[824;L857, [[2,2], 5, 1], 17, 2], [13,1], [17, 1]]], [384555, [[2, 1], [11, (14.1.5)



Rc:=

>

1], [13, 2]]], [750169, [[2, 1], [5, 1], [11, 1], [19, 1]]], [257195, [[2,
|, 13, 1], [7, 1], [13, 1]]], [877424, [[2, 7], [3, 1], [5, 3], [13, 1]]],
220, [[2, 4], [5, 2], [11, 2]]], [908747, [[2, 1], [11, 3], [19, 2]]],
12778, (12,11, [5,5], [7, 1], [11, 1]]], [121626, [[2, 6], [3, 2], [5,
|, 17, 111], [531172, [[2, 5], [3, 3], [5, 1], [7, 1], [17, 1]]], [453471,
[2,9], [7, 1], [11, 1]]], [21475, [[3, 2], [5, 1], [17, 2], [19, 1]]],
(855183, [[2, 4], [3, 4], [5, 1], [7, 2]1]]

Rc:=[[21475, [[3, 2], [5, 11, [17, 2], [19, 1111, [855183, [
[2, 41, [3, 41, [5, 11, [7, 2111, [164912, [[3, 11, [5, 2],
(11, 11, [13, 1], [19, 1111, (728436, [[2, 11, [3, 2], [11,
1], [13, 1], [17, 1111, [362222, [[3, 2], [19, 1111, [297430,
CC5, 11, [19, 4111, [744161, [[3, 31, [5, 11, [11, 1], [13,
1], [19, 1111, [495370, [[2, 8], [3, 61, [5, 1111, [577106, [
[2, 11, [11, 1], [13, 2], [19, 1111, [699549, [[7, 4111,
[689811, [[5, 41, [13, 1], [17, 1111, [695704, [[3, 2], [5,
1], [11, 4111, [315384, [[2, 4], [3, 11, [5, 1], [11, 1],
[13, 1], [19, 11111;

[[21475, |[3, 2], [5, 1], [17, 2], [19, 1]]], [855183, [[2, 4], [3, (14.1.6)

4], 15,11, 17,2111, [164912, [[3, 1], [5, 2], [11, 1], [13, 1], [19,

1]]], [728436, [[2, 1], [3, 2], [11, 1], [13, 1], [17, 1]]], [362222, [[3,
2], 119, 111}, [297430, [[5, 1], [19, 4]]], [744161, [[3, 3], [5, 1], [11,
1], [13, 1], [19, 11]], [495370, [[2, 8], [3, 6], [5, 11]], [577106, [[2,
1], [11, 1], [13, 2], [19, 1]]], [699549, [[7, 4]]], [689811, [[5,

4], 113, 1], [17 11]], [695704, [[3, 2], [5, 1], [11, 4]]], [315384, [[2,
4], 13, 1] [5,1], [11, 1], [13, 1], [19, 1]]]]

with(linalg);

9
[
[
1
[

[BlockDiagonal, GramSchmidt, JordanBlock, LUdecomp, QRdecomp, (14.1.7)

Wronskian, addcol, addrow, adj, adjoint, angle, augment, backsub,
band, basis, bezout, blockmatrix, charmat, charpoly, cholesky, col,
coldim, colspace, colspan, companion, concat, cond, copyinto,
crossprod, curl, definite, delcols, delrows, det, diag, diverge, dotprod,
eigenvals, eigenvalues, eigenvectors, eigenvects, entermatrix, equdli,
exponential, extend, ffgausselim, fibonacci, forwardsub, frobenius,
gausselim, gaussjord, genegns, genmatrix, grad, hadamard, hermite,
hessian, hilbert, htranspose, ihermite, indexfunc, innerprod, intbasis,

inverse, ismith, issimilar, iszero, jacobian, jordan, kernel, laplacian,



leastsqrs, linsolve, matadd, matrix, minor, minpoly, mulcol, mulrow,
multiply, norm, normalize, nullspace, orthog, permanent, pivot,
potential, randmatrix, randvector, rank, ratform, row, rowdim,
rowspace, rowspan, rref, scalarmul, singularvals, smith, stackmatrix,
submatrix, subvector, sumbasis, swapcol, swaprow, sylvester, toeplitz,

trace, transpose, vandermonde, vecpotent, vectdim, vector,

wronskian|

> RM:=matrix(nops(R) ,nops(F),0);
0

0

RM:=
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> for i to nops(Rc) do
v:=Rc[i][2];

for j to nops(v) do
vv:=v[jl;
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(14.1.8)

for k to nops(F) do if vv[1]=F[k] then RM[i,k]:=vv[2] fi

od;
od;
od:
> print(RM);



(14.1.9)
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=7A2; XA2-yA2 mod n;

> x:=Rc[10][1]; y:

X:=699549

49

(14.1.10)

> 1igcd(n,x-y);

(14.1.11)

1399

addrow(RM,4,9,1);

> RM:

(14.1.12)



(14.1.12)

(14.1.13)

1 0 0 0 2
2 0 0 0 O

2

0

1

1

0 0 1

2
2
0

1
0
0

O 0 0 0 O

0O 0 0 0 4
0

1

1

O 0 0 0 O

1

6
2

0O 0 2

2

O 0 0 4 0 O O0 O

0 0 4 0 O

0O 4 0 0 O

1

2

0

0O 0 0 2 1
2 0 0 0 O

1

0 2

1

1

0 0 1

2
2
0

1
0
0

O 0 0 0 O

1 0 0 0 0 4
0

3
1

O 0 0 0 O

6
2

0O 0 2

2

O 0 0 4 0 O O0 O

0O 0 4 0 O

0O 4 0 0 O

1

2

0

RM:=|0 3

> RM:=addrow(RM,3,7,1): RM:=addrow(RM,3,13,1);

RM:=|0 4

addrow(RM,2,6,1): RM:=addrow(RM, 2,

> RM:=addrow(RM,2,1,1): RM:

RM:=addrow(RM,2,8,1): RM:=addrow(RM,2,12,1) :RM:=addrow(RM, 2,

7,1):



(14.1.14)

(14.1.15)
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addrow(RM,1,9,1);
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13,1);

RM:=

addrow(RM,1,5,1): RM:

> RM:

RM:=

Rc[5]1[11*(Rc[1]1[1]1*Rc[2]1[1]) mod n;

> X:

(14.1.16)

x:=720723



> y:=2A2%3A4%5%7%17%19 mod n;

y:=720723 (14.1.17)
> XA2-yA2 mod n;
0 (14.1.18)
> 1igcd(n,x-y);
980699 (14.1.19)

» 14.2. Lanctortek.
» 14.3. Kvadratikus irracionalis szamok lanctort alakja.
V 14.4. Faktorizalas lanctortekkel.
>
V 14.5. Négyzetes szita.

> n:=nextprime(7*%10A5)*prevprime(14*10A5) ;

n:=980000699999 (14.5.1)
> n mod 8; n:=23*n; n mod 8;
7
n:=22540016099977
1 (14.5.2)

> m:=2000; B:=50; T:=2.; b:=ceil(sqrt(n));
F:=[[2,floor(0.5+2.%10g[2.]1(2)),11];
for j from 3 while j<B do
if disprime(j)=false then next fi;
if jacobi(n,j)=1 then
F:=[op(F),[]j,floor(0.5+j/(3-1)*1og[2.1(3)) ,msqrt(n,j)1];

fi;
od;
F; nops(P);
m:= 2000
B:=50
T:=2.
b:=4747633
F:=[[2,2,1]]

[[2,2,1],[3,2,1],[13,4,5], 119 4, 6], [29,5,12], [31, 5, 12], [37, 5,
10]]

(1A T 2\



7 (14.5.3)

> S:= rtable(0..2%m,0);
0 .. 4000 Array

Data Type: anything
S:= (14.5.4)
Storage: rectangular

| Order: Fortran_order

> p:=F[11[1]; T1p:=F[1]1[2]; x:=modp(m-b+F[1]1[3],p);
while x<=2*m do S[x]:=S[x]+1p; x:=x+p; od:
p:i=2
Ip:=2
x:=1 (14.5.5)

> for j from 2 to nops(F) do
ppp:=F[j]; p:=ppp[l]l; 1p:=pppl[2];
x:=modp (m-b+ppp[3],p);
while x<=2*m do S[x]:=S[x1+1p; x:=x+p; od:
x:=modp(m-b-ppp[3],p);
while x<=2*m do S[x]:=S[x]+1p; x:=x+p; od:

od:
> R:=[]; TT:=f1oor(1og[2.](2*ﬂﬁb)/T);
R:=
IT:=17 (14.5.6)

> for j from 0 to 2*m do if S[j]>=TT then R:=[op(R),j-m] fi od:
> R;
[—1800 -1104, -584, -432, -116, -2, 1366,1506,1714,1734] (14.5.7)

(y- >1factors((y+b)A2 -n),R);
[[ 1, r 13,1], [19,1], [29, 1], [31, 1], (71, 1], [587,1]1], [-1, [[2, (14.5.8)

3], [3, ],[13,1],[19,1],[29,1],[60953,1]H,[—1,[[2,3],[3,1L
(13, 1], [19, 1], [31, 1], [53, 1], [569, 1]1], [-1, [[2, 3], [3, 1], [19,
1], [29, 1], [37,1], [8377, 111}, [-1, [[2, 7], [3, 1], [13, 1], [19, 1],
137,11, [313, 111}, [-1, [12, 3], [3, 2], [13, 1], [19, 1], [29, 1], [31,
11, [1, [12, 3], [3, 2], [13, 1], [19, 1], [29, 1], [139, 1], [181, 1]]],
(1, [[2,5],[3, 1], [13,1],[19,1], [29, 1], [71, 1], [293, 11]], [1, [[2,
6], 13, 1], [13,1],[29,1],[37,1],[6079, 11]], [1, [[2, 3], [3, 3], [19,
1], [31, 1], [37, 1], [3499, 1]]]]

V¥ 14.6. Tobbpolinomos négyzetes szita.



> n:=nextprime(7*%10A7)*prevprime(14*10A7);

n:=9800003149999757 (14.6.1)
> n mod 8; n:=37*n; n mod 8;
5
n:=362600116549991009
1 (14.6.2)

> m:=10000; B:=100; T:=1.5;
F:=[[2,floor(0.5+2.%10g[2.]1(2)),1]1];
for j from 3 while j<B do
if isprime(j)=false then next fi;
if jacobi(n,j)=1 then
F:=[op(F), [j,floor(0.5+j/(3-1)*1og[2.]1(3)) ,msqrt(n,j)]1];

fi;
od;
F; nops(P);
m:= 10000
B:=100
T:=1.5
F:=[[2,2,1]]

[[2,2,1],1[5,3,2], 17 3,2],[13,4, 1], [19, 4, 7], [23, 5, 11], [29, 5, 11],
(41, 5, 14], [47, 6, 4], [53, 6, 11], [59, 6, 22], [ 71, 6, 8], [97, 7, 67]]
13 (14.6.3)

> dd:=floor((2*n/mA2)A(1/4.)): if type(dd,odd) then dd:=dd+1;
fi:
dd:=dd. .dd;
dd:=292..292 (14.6.4)

> if abs(op(1l,dd)-(2*n/mA2)A(1/4.))<abs(op(2,dd)-(2*%n/mA2)A
(1/4.)) then
d:=prevprime(op(1l,dd));
while modp(d,4)<>3 or jacobi(d,n)<>1 do
d:=prevprime(d) ;
od;
dd:=d. .op(2,dd);
else
d:=nextprime(op(2,dd));
while modp(d,4)<>3 or jacobi(d,n)<>1 do
d:=nextprime(d);
od;
dd:=op(1,dd). .d;
fi:
d; dd;



>

311
271..311 (14.6.5)

a:=dA2; h0:=n&\((d-3)/4) mod d;
a:=96721

h0:=53 (14.6.6)

hl:=n*h0 mod d; (n-h1A2)/d; h2:=%*h0*((d+1)/2) mod d;
hl:=223

1165916773472480
h2:=25 (14.6.7)

b:=mods (hl+h2%*d,a); bA2-n mod a; c:=(bA2-n)/a;
b:=7998

0
c:=-3748928531405 (14.6.8)

S:= rtable(0..2*m,0); p:=F[11[1]; Tp:=F[11[2]; x:=modp(m+(-b+
FL11[31)/a,p);
while x<=2*m do S[x]:=S[x]+1p; x:=x+p; od:

0 .. 20000 Array
Data Type: anything

Storage: rectangular

| Order: Fortran_order
p:=2
Ip:=2
x:=1 (14.6.9)

for j from 2 to nops(F) do
ppp:=F[j1; p:=ppp[l]; 1p:=pppl[2];
x:=modp (m+(-b+ppp[31) /a,p);
while x<=2*m do S[x]:=S[x]+1p; x:=x+p; od:
x:=modp (m+(-b-ppp[3])/a,p);
while x<=2*m do S[x]:=S[x1+1p; x:=x+p; od:

od:
R:=[]; TT:=floor(log[2.](a*mA2/2.)/T);

R:=]

TT:=28 (14.6.10)
for j from 0 to 2*m do if S[j1>=TT then R:=[op(R),j-m] fi od:

R;
[1215, 2625, 4024 ] (14.6.11)



R e o P o L a1 10, (53, 11, [6637, 111], (14.6.12)

]
[-1, [[2,12], [5, 1], [23,1], [37, 1], [47, 1], [53, 1], [71, 1]]], [-1,
[[5,1],[7,1],[19,1], [23, 1], [47, 1], [53, 1], [59, 1], [971, 1]]]]
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